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HOFER-LIKE GEOMETRY AND FLUX THEORY
STÉPHANE TCHUIAGA
ABSTRACT. This paper meticulously revisit and study the flux geometry of any compact
connected oriented manifold (M,Ω). We generalize several well-known factorization re-
sults, exhibit some orbital conditions under which flux geometry can be studied, give a
proof of the discreteness of the flux group for volume-preserving diffeomorphisms, and
show that the kernel of the flux for volume-preserving diffeomorphisms is C1−closed
inside the group of all volume-preserving diffeomorphisms isotopic to the identity map:
This recovers several well-known results from symplectic geometry. The fix-points the-
ory does not resist to the above machinery: We prove a general contractibility result with
respect to the orbits of the fix-points for volume-preserving diffeomorphisms isotopic to
the identity map via vanishing-flux paths, generalize and solve the Arnold conjecture us-
ing the Thurston fragmentation property. In the sequel, we use fix-points to: Characterize
the flux geometry of certain C0−limits of sequences of vanishing-flux paths and volume-
preserving diffeomorphisms. Beside this, a C0−criterion for the existence of at least one
fix-point is given, and a weak version of the generalized C0−flux conjecture is solved.
Finally, we construct a pseudo right-invariant metric on the group of all volume-preserving
diffeomorphisms isotopic to the identity map, prove several comparison results suitable to
the study of the Hofer-like geometry of the groupHam(N, ω), of all Hamiltonian diffeo-
morphisms of a closed symplectic manifold (N, ω), derive the equivalence between the
Hofer and the Hofer-like metrics on Ham(N, ω), and exhibit a computational proof of
the non-degeneracy of the Hofer-like energies: Here, an outcome is that the Calabi group
controls the Hofer-like geometry of the group Ham(N, ω) of any non-simply connected
closed symplectic manifold (N, ω). This includes several other interesting results.
2010 Mathematics Subject Classification. 53C24, 58C30, 53D35, 58D05.
Key Words : Flux geometry, Rigidity, Volume-preserving diffeomorphisms, Differential
forms, Metric geometry, Fix-points theory.
1. INTRODUCTION
On a compact manifold M , given any closed differential p−form α together with an
isotopy Φ = (φt), they satisfy the following equation
(1.1) (φt)
∗α− α = d (Fα(Φ)(t))
for all t, where Fα(Φ)(t) :=
∫ t
0 (Φs)
∗(α(Φ˙s))ds, for all t, and d is the usual differential
operator such that d ◦ d = 0. Equation (1.1) is involved in the study of the de Rham
cohomology of the manifoldM : It had been used by Moser [16], Banyaga [1, 3], Calabi
[6] and others in the study of the geometry of the group of volume-preserving diffeomor-
phisms (e.g. it follows from Banyaga [1], Thurston [20], and Weinstein [22] works that if
two given volume-preserving isotopies are homotopic relatively to fix endpoints, then they
have the same flux). So far, this is the most known (not to say the only) condition which
guaranties the equality of the fluxes of two volume-preserving isotopies. What seems to
be a bit ambiguous here is that, the flux of each isotopy is a de Rham cohomology class
in some H∗(M,R) ( the ∗−th de Rham group of M with real coefficients), while the
1
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group H∗(M,R) only depend on the topology of M , and does not depend on any dif-
ferentiable structure on M . So, one might expect that analyzing the orbits (in M ) of a
volume-preserving isotopy of (M,Ω) (where Ω is the orientation form onM ) may ”deter-
mine” the flux of the latter isotopy. Of course, the difficulty to face (or the prize to pay)
here is the large number of the orbits generated by a single isotopy on a manifold: It looks
almost impossible to describe all of them. But, this does not tell us that such a study is
not possible. The optimal cost here could reside in the way to look at the situation. The
question addressed in this paper is that of the existence of other(s) criterion (or criteria)
under which one can study the flux geometry of a compact oriented manifold.
We shall see that investigating the above criteria will not only enrich the theory of flux
geometry, but also the dynamics of fix-points for volume-preserving diffeomorphisms, and
the theory of Hofer-like geometry of a closed oriented manifold. To do so, we organize the
paper as follows:
In Section 2 we introduce the definitions of some useful tools that we shall need. The third
section is devoted to revisits the construction of the flux homomorphism of a compact
connected oriented manifold, and generalize several factorization results found in [3, 19]:
The concerned results are, Lemma 3.2, Lemma 3.3, Proposition 3.4, Proposition 3.8, and
Proposition 3.10.
In Section 4, we study the displacements of closed 1−forms (Proposition 4.1, and Proposi-
tion 4.3). This includes: Theorem 4.5 which gives orbital conditions under which the fluxes
of two isotopies with the same endpoints are equal, Theorem 4.6 which states that the flux
group for volume-preserving diffeomorphisms is a discrete group, Lemma 4.7 which states
that the sub-group of vanishing-flux volume-preserving diffeomorphisms isC1−closed in-
side the group of all volume-preserving diffeomorphisms isotopic to the identity map, and
Lemma 5.14 which states that the sub-group of all vanishing-flux volume-preserving iso-
topies is C0−closed in the group of all volume-preserving isotopies. The fifth section
deals with fix-points theory. Here we prove: Theorem 5.4 shows that the fix-points of
vanishing flux volume-preserving diffeomorphisms are exactly the vanishing points of a
certain smooth function real valued on M modulo the space of closed 1−forms, Lemma
5.5 which states that the orbit of any fix-point of the time-one map of any vanishing-flux
volume-preserving isotopy is contractible, Theorem 5.10 which generalizes and solves the
Arnold conjecture, and Theorem 5.13 gives a C0−condition that predicts the minimum
number of fix-points of a vanishing-flux volume-preserving diffeomorphisms. This in-
cludes, Lemma 5.14 and Lemma 5.15 which show that fix-points can determine the flux
geometry of the C0−limit of a sequence of vanishing-flux volume-preserving diffeomor-
phisms, Theorem 5.16 which states that if γ is theC0−limit of a sequence of vanishing flux
volume-preserving isotopies (loops), then any of smooth orbit of γ is contractible. Also,
Lemma 5.17 separates the orbits of a non-vanishing flux volume-preserving isotopy from
minimal geodesics between their endpoints. Section 6 is devoted to the study of the met-
ric geometry of the group of volume-preserving diffeomorphisms isotopic to the identity
map. Here, we construct a right-invariant pseudo-metric on the latter group (Proposition
6.1), and study the Hofer-like geometry with the intension to highlight how the latter is
related to flux geometry. We prove several comparison results illustrating the impacts of
flux geometry in the study of the Hofer-like geometry of the groupHam(M,ω): The con-
cerned results are, Lemma 6.17, Lemma 6.18, Proposition 6.11, Proposition 6.13, Theorem
6.15, and Theorem 6.21). In the sequel, a proof of the non-degeneracy of a suitable class
of Hofer-like energies follows, and a computational proof of the equivalence between the
Hofer norm and the restriction of the Hofer-like norm to the groupHam(M,ω) is given:
HOFER-LIKE GEOMETRY AND FLUX THEORY 3
A remarkable outcome here is that the Calabi group controls the Hofer-like geometry of
Ham(M,ω).
2. PRELIMINARIES
LetM be an n−dimensional closed Riemannian manifold equipped with an orientation
form Ω. A diffeomorphism φ : M → M preserves a differential p−form α on M if
φ∗(α) = α. Given any differential p−form α on M , let Diff∞(M,α) denote the group
of all diffeomorphisms fromM toM that preserve α.
2.1. Isotopies. An isotopy Φ = (φt) ofM is a smooth map from [0, 1] into Diff∞(M)
such that φ0 = idM (see [1, 5, 14] for more details). Let Diff∞0 (M) denote the set of
all time-one maps of smooth isotopies in Diff∞(M), let Iso(M,α) denote the space of
all smooth isotopies in Diff∞(M,α), and by Gα(M), we denote the set of all time-one
maps of all isotopies of Iso(M,α). For each ψ ∈ Gα(M), we shall denote by Iso(ψ)α
the set {Φ ∈ Iso(M,α)|Φ(1) = ψ}. Any smooth isotopy Φ = (φt) on M gives rise to
a smooth family of smooth vector fields (φ˙t) overM defined by φ˙t(φt(x)) =
d
dt
(φt(x)),
for all t, and for all x ∈M .
2.1.1. Volume-preserving isotopies. An isotopyΦ = (φt) on (M,Ω) is said to be volume-
preserving if its associated smooth family of smooth vector fields (φ˙t) consists of free
divergence vector fields i.e. for each t the (n−1)−form ı(φ˙t)Ω is closed. This is equivalent
to require that Φ ∈ Iso(M,Ω).
2.1.2. Concatenation operation for isotopies. It is always possible to construct a smooth
increasing function f : [0, 1] → [0, 1] such that its restriction to an interval [0, δ] vanishes
while its restriction to [(1 − δ), 1] is the constant function 1 with 0 < δ ≤
1
8
. Assume
this done, and consider the smooth functions λ(t) = f(2t) for all 0 ≤ t ≤ 12 , and τ(t) =
f(2t− 1) for all 12 ≤ t ≤ 1. If Φ = (φt) and Ψ = (ψt) are two given isotopies, then one
defines an isotopy (Φ ∗r Ψ) with time-one map φ1 ◦ ψ1 by setting:
(Φ ∗r Ψ)(t) =
{
φλ(t), if 0 ≤ t ≤
1
2 ,
φ1 ◦ ψτ(t), if
1
2 ≤ t ≤ 1.
The isotopy (Φ ∗r Ψ) constructed above is called the right concatenation of the isotopy Φ
by the isotopy Ψ. Similarly, we can define the left concatenation of the isotopy Φ by the
isotopy Ψ, denoted (Ψ ∗l Φ), as map ψ1 ◦ φ1 by setting:
(Ψ ∗l Φ)(t) =
{
φλ(t), if 0 ≤ t ≤
1
2 ,
ψτ(t) ◦ φ1, if
1
2 ≤ t ≤ 1.
An orbit of a point p ∈ M under (Φ ∗r Ψ) (resp. under (Ψ ∗l Φ)) is the orbit of p under
Φ ”glued” with the image under φ1 of the orbit of p under Ψ (resp. is the orbit of p under
Φ ”glued” with the orbit of φ1(p) under Ψ). Through all the paper, for each isotopy Φ and
each point p ∈M , we shall denote byOΦp the orbit of x under the action of Φ, while−O
Φ
p
will represent the orbit of p under the action of Φ−1.
2.2. The de Rham groups. LetH∗(M,R) denote the ∗−th de Rham cohomology group
(with real coefficients) of M , and let Z∗(M) denote the space of closed ∗−forms on M .
Fix a linear section of the natural projectionP : Z∗(M)→ H∗(M,R), and denote it as S :
H∗(M,R)→ Z∗(M). Each α ∈ Z∗(M) decomposes as α = S(P (α))+ (α−S(P (α)),
with P (S(P (α))) = P (α) and P ((α − S(P (α))) = 0. Note that a form α such that
P (α) = 0 is called an exact form. So, in the decomposition above, for each α ∈ Z∗(M),
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the form S(P (α)) is called the non-exact part of α while (α−S(P (α)) is called the exact
part of α. Now, let H∗(M,S) denote the image S(P (Z∗(M)) ⊂ Z∗(M): H∗(M,S)
is isomorphic to H∗(M,R), and it follows from Hodge’s theory that the latter set is a
finite dimensional vector space over R whose dimension is denoted b∗(M), is called the
∗−th Betti number of the manifoldM [21]. For ∗ = 1, we fix a basis (Hi)1≤i≤b1(M) on
H1(M,S) and equip it with a norm |.| (see [19] for more details).
We shall also write B∗S(0, 1) to mean the closure of the open unit ball B
∗
S(0, 1) of the finite
dimensional vector spaceH∗(M,S): The set B∗S(0, 1) is compact.
3. THE FLUX HOMOMORPHISM REVISITED
Here, we revisit the construction of the flux homomorphism and derive some conse-
quences. We will need the following formula: For each closed 1−form α, we have
(3.1) Fα(Φ ◦Ψ)(t) = Fα(Ψ)(t) + Fα(Φ)(t) ◦Ψ(t) + δt(Φ,Ψ, α),
where Φ andΨ are two isotopies of a closed manifold, and δt(Φ,Ψ, α) is a constant which
depends on Φ, Ψ, α and t.
Lemma 3.1. ([19]) Let α be a closed 1−form. If Φ and Ψ are two isotopies,
then we have δt(Φ,Ψ, α) = 0, for all t.
According to Lemme 3.1 relation (3.1) becomes
Fα(Φ ◦ Ψ)(t) = Fα(Ψ)(t) + Fα(Φ)(t) ◦ Ψ(t), for all t. The latter equality seems to tell
us that for each fixed closed 1−form α, the map Φ 7→
∫
M
Fα(Φ)(1)Ω, induces a group
homomorphism from the space Iso(M,Ω) into R.
We have the following facts.
Lemma 3.2. For each fixed closed 1−form α, and for each volume-preserving isotopy Φ,
the integral
∫
M
Fα(Φ)(1)Ω is independent of the choice of any representative β in the de
Rham cohomology class [α].
Proof. Let β ∈ [α], i.e. α − β = df for some smooth function f : M → R. Assume
that Φ = {φt}, and derive from a direct computation that,
0 = ι(φ˙t)[(α− β) ∧Ω] = ι(φ˙t)[(α− β)]Ω + (α− β) ∧ ι(φ˙t)Ω. Since the (n− 1)−form
ı(φ˙t)Ω is closed and α − β = df , then (α − β) ∧ ι(φ˙t)Ω = d(fι(φ˙t)Ω). Hence, we have
−(ι(φ˙t)α)Ω+(ι(φ˙t)β)Ω = d(fι(φ˙t)Ω), and integrating the above relation overM yields,
−
∫
M
(ι(φ˙t)α)Ω +
∫
M
(ι(φ˙t)β)Ω =
∫
M
d(fι(φ˙t)Ω), where the right hand side vanishes
because of Stokes’ Theorem sinceM is closed. Q.E.D
Lemma 3.3. If Φ and Ψ are two isotopies which are homotopic relatively to fix endpoints,
then Fα(Φ)(1) = Fα(Ψ)(1), for each closed 1−form α.
Proof. Let α be a closed 1−form; set Ψ = (ψt), and Φ = (φt). We have to prove
that Fα(Φ)(1)(x) = Fα(Ψ)(1)(x), for all x ∈ M . To that end, note that a homotopy
between Ψ and Φ is a smooth map H : I × I → Diff∞0 (M) such that H(0, t) = ψt,
H(1, t) = φt for all t; H(s, 0) = idM and H(s, 1) = φ1 = ψ1 for all s. Thus, for each
x ∈M , the homotopyH induces an homotopyHx between the orbitsOΦx : t 7→ φt(x) and
OΨx : t 7→ ψt(x); i.e. O
Φ
x and O
Ψ
x constitute the boundary of a 2−chain inM . Therefore,
Stokes’ Theorem implies that
∫
OΦx
α =
∫
OΨx
α, because α is closed. To conclude, observe
that for each x ∈ M , we also have Fα(Φ)(1)(x) =
∫
OΦx
α, and Fα(Ψ)(1)(x) =
∫
OΨx
α.
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Q.E.D♥
Lemme 3.1 and Lemme 3.2 suggest that: Each volume-preserving isotopy Φ induces
an element S˜Ω(Φ) ∈ Hom(H1(M,R),R) ∼= Hn−1(M,R), defined as follows: To any
[α] ∈ H1(M,R) one assigns S˜Ω(Φ)([α]) :=
∫
M
Fα(Φ)(1)Ω. Thus, we have a group
homomorphism S˜Ω : Iso(M,Ω)→ Hn−1(M,R), which is surjective. This motivated the
following factorization result that generalizes Proposition 2.4−[19].
Proposition 3.4. (Factorization I) Let (M,Ω) be a closed oriented manifold. Let α =
(αt) be a smooth family of smooth closed 1−forms, and let Φ = {φt} ∈ Iso(M,Ω). Then,
for each t ∈ [0, 1], we have,
∫
M
Fαt(Φ)(t)Ω = 〈P (αt), S˜Ω(Φ¯t)〉, where Φ¯t is the isotopy
s 7→ φst, and 〈, 〉 : H1(M,R) ×Hn−1(M,R) → R, ([α], [β]) 7→
∫
M
α ∧ β, is the usual
Poincaré pairing.
Proof. Fix an arbitrary t in [0, 1]. Since the form αt ∧ Ω is of degree (n + 1) on an
n−dimensional manifold, then it is trivial. This implies that αt(φ˙s)Ω− αt ∧ ι(φ˙s)Ω = 0,
for each s ∈ [0, t]. Composing each member of the above equality by φ∗s gives
(3.2) φ∗s
(
αt(φ˙s)
)
Ω− φ∗s(αt) ∧ φ
∗
s
(
ι(φ˙s)Ω
)
= 0,
for each s ∈ [0, t]. Using (1.1), one deduces that for each s ∈ [0, t], we have
(3.3) φ∗s(αt) = αt + df
s
{φt},αt
,
where f s{φt},αt :=
∫ s
0 αt(φ˙u) ◦ φudu. Observe that (3.2) and (3.3) together implies that,
(3.4) φ∗s
(
αt(φ˙s)
)
Ω = αt ∧ φ
∗
s
(
ι(φ˙s)Ω
)
+ df s{φt},αt ∧ φ
∗
s
(
ι(φ˙s)Ω
)
,
for each s ∈ [0, t]. Thus,
(3.5)
∫
M
(∫ t
0
φ∗s
(
αt(φ˙s)
)
ds
)
Ω =
∫
M
αt ∧
(∫ t
0
φ∗s
(
ι(φ˙s)Ω
)
ds
)
+
∫
M
(∫ t
0
(
φ∗s
(
ι(φ˙s)Ω
)
∧ df s{φt},αt
)
ds
)
.
On the other hand, since the form φ∗s
(
ι(φ˙s)Ω
)
is closed, then
(3.6)
∫
M
∫ t
0
φ∗s
(
ι(φ˙s)Ω
)
∧ df s{φt},αtds =
∫
M
d[
∫ t
0
f s{φt},αtφ
∗
s
(
ι(φ˙s)Ω
)
ds],
and sinceM is without boundary, then Stokes’ theorem implies
(3.7)
∫
M
d[
∫ t
0
f s{φt},αtφ
∗
s
(
ι(φ˙s)Ω
)
ds] =
∫
∂M
∫ t
0
f s{φt},αtφ
∗
s
(
ι(φ˙s)Ω
)
ds = 0,
for each t. Combining (3.5), (3.6), and (3.7) together yields
(3.8)
∫
M
(∫ t
0
φ∗s
(
αt(φ˙s)
)
ds
)
Ω =
∫
M
αt ∧
(∫ t
0
φ∗s
(
ι(φ˙s)Ω
)
ds
)
.
For each t, the de Rham cohomology class of the (n − 1)−form
∫ t
0
φ∗s
(
ι(φ˙s)Ω
)
ds is
exactly S˜Ω(Φ¯t), i.e. (3.8) becomes
∫
M
Fαt(Φ)(t)Ω = 〈P (αt), S˜Ω(Φ¯t)〉, for all t. Q.E.D

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Let us mention that for each closed 1−form α (fixed), we have a surjective mapping
Φ 7→
∫
M
Fα(Φ)(1)Ω, from Iso(M,Ω) onto Hn−1(M,R). Let r be a real number: If
r = 0, then take Φ to be the constant path identity. Suppose r 6= 0: This means that there
exists at least Φ = {φt} ∈ Iso(M,Ω) such that
∫
M
Fα(Φ)(1)Ω 6= 0. With Proposition
3.4, this is equivalent to say that
∫ 1
0 〈P (α), P (ι(φ˙
t)Ω)〉dt 6= 0, i.e., there exists a t0 ∈ [0, 1]
such that 〈P (α), P (ι(X)Ω)〉 6= 0, with X := φ˙t0 . Let Ψ be the flow generated byX , and
define another conservative vector field by setting: Y := rX/〈P (α), P (ι(X)Ω)〉. If Θ
stands for the flow generated by Y , then one has:∫
M
Fα(Θ)(1)Ω = 〈P (α), S˜Ω(Θ)〉 = 〈P (α), P (ι(Y )Ω)〉
= r〈P (α), P (ι(X)Ω)〉/〈P (α), P (ι(X)Ω)〉 = r.
Furthermore, for each non-exact closed 1−form α (fixed), since the linear map Lα :
H(n−1)(M,R) ∋ β 7→ 〈P (α), β〉, is non-trivial, hence the latter is surjective. Now, if
we denote by Hα the surjective mapping Φ 7→
∫
M
Fα(Φ)(1)Ω, then by Proposition 3.4
we have Hα = Lα ◦ S˜Ω, which is surjective, hence so is the mapping S˜Ω. On the other
hand, let {Φi = (φti)} ⊂ Iso(M,Ω) be a sequence that converges in the C
1−topology to
Φ = {φt} ∈ Iso(M,Ω), i.e., Φi ◦ Φ−1
C1
−−→ Id. Then, it is not hard derive with the help
of Lemma 3.10-[19] that,
lim
i
|
∫
M
Fα(Φi ◦ Φ
−1)(1)Ω| ≤ 4|α|0V olΩ(M)dC1(Φi ◦ Φ
−1, Id)Ω → 0, i→∞.
Thus, by Proposition 3.4, this means that for each closed 1−form α, we have
limi〈P (α), S˜Ω(Φi◦Φ−1)〉 = 0, i.e. 〈P (α), limi S˜Ω(Φi◦Φ−1)〉 = 0, for all closed 1−form
α. Hence, limi S˜Ω(Φi) = S˜Ω(Φ): The map S˜Ω is a continuous group homomorphism. z
The homomorphism S˜Ω had been studied by Weinstein [22] and Thurston [20] when
Ω is a volume form. Set ΓΩ = S˜Ω(π1(GΩ(M))), and pass to the quotient to obtain the
following commutative diagram:
(3.9)
∼
GΩ (M)
S˜Ω−→ H(n−1)(M,R)
P1 ↓ ↓ P2
GΩ(M)
SΩ−→ H(n−1)(M,R)/ΓΩ,
where
∼
GΩ (M) represents the quotient space of Iso(M,Ω) with respect to the equivalent
relation ”homotopic relatively to fixed endpoints”; Pi are projection maps. The following
fact are well-known:
• The sub-group ΓΩ is discrete, (unpublished result of Thurston): We shall give an
alternate proof later on.
• The group kerSΩ has the fragmentation property, [20].
• As a consequence of Moser’ theorem, the group GΩ(M) is locally connected by
smooth arcs, [3].
• Boothby proved that the groupGΩ(M) is p−transitive, [8].
Proposition 3.4 gives a short proof of Lemme 3.1: (3.1) implies that∫
M
Fα(Φ ◦Ψ)(t)Ω =
∫
M
Fα(Ψ)(t)Ω +
∫
M
Fα(Φ)(t) ◦Ψ(t)Ω + δt(Φ,Ψ, α)
∫
M
Ω,
for all t, and according to Proposition 3.4, we have∫
M
Fα(Φ ◦Ψ)(t)Ω =
∫
M
Fα(Ψ)(t)Ω +
∫
M
Fα(Φ)(t)Ω.
So, we see that δt(Φ,Ψ, α)
∫
M
Ω = 0, for all t; this implies that δt(Φ,Ψ, α) = 0, for all t.
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z
Here are some consequences of Proposition 3.4.
Lemma 3.5. Let Φ ∈ Iso(M,Ω) be a loop at the identity map. For each closed 1−form
α, the smooth function x 7→
∫
OΦx
α is constant and agrees with
1
V olΩ(M)
〈P (α), S˜Ω(Φ)〉.
Proof. Let α be a closed 1−form. If P (α) = 0, then
∫
OΦx
α = 0, for all x ∈ M since
OΦx is a closed curve. On the other hand, suppose P (α) 6= 0, and setH = S(P (α)). Since
Φ(0) = Φ(1) = idM , by formula (1.1) the map x 7→
∫
OΦx
α = Fα(Ψ)(1)(x) is constant.
Thus, Proposition 3.4 implies that
V olΩ(M)
∫
OΦx
α = V olΩ(M)
∫
OΦx
H =
∫
M
Fα(Ψ)(1)Ω = 〈P (H), S˜Ω(Φ)〉, for all x ∈
M . Q.E.D
Remark 3.6. Geometrically, Lemme 3.5 seems to suggest that on a closed oriented man-
ifold (M,Ω), the set π1(GΩ(M))\(ker S˜Ω ∩ π1(GΩ(M)) measures the obstruction that
impeaches the orbits generated by all the elements of π1(GΩ(M)) to be all contractible on
M . z
Lemma 3.7. Let (M,Ω) be a closed oriented manifold. Let Φ ∈ Iso(M,Ω) be a loop at
the identity. Then, S˜Ω(Φ) = 0, if and only if, there exists z ∈M such that the orbit OΦz is
contractible.
Proof : As in the proof of Lemme 3.5, we have
1
V olΩ(M)
〈P (α), S˜Ω(Φ)〉 =
∫
OΦx
α,
for each closed 1−form α: If z ∈ M is such that the orbit OΦz is contractible, then
Stokes’ theorem implies that
∫
OΦz
α = 0 for each closed 1−form α; and this imposes that
〈P (α), S˜Ω(Φ)〉 = 0, for all closed 1−form α, i.e. S˜Ω(Φ) = 0. Conversely, if S˜Ω(Φ) = 0,
then we immediately see that 0 =
∫
OΦz
α, for all closed 1−formα, and for all z ∈M . This
implies that the orbit OΦz must be contractible. Q.E.D
Proposition 3.8. (Factorization II) Let (M,Ω) be a compact connected oriented manifold
with boundary. Let α = (αt) be a smooth family of smooth closed 1−forms, and let
Φ = {φt} ∈ Iso(M,Ω). Then, for each t ∈ [0, 1], we have,∫
M
Fαt(Φ)(t)Ω = 〈P (αt), S˜Ω(Φ¯t)〉+
∫
∂M
(∫ t
0
f sΦ,αtφ
∗
s
(
ι(φ˙s)Ω
)
ds
)
,
where Φ¯t is the isotopy s 7→ φst, and f sΦ,αt :=
∫ s
0 αt(φ˙u) ◦ φudu.
Remark 3.9. From Proposition 3.8, we can argue that on a compact connected oriented
manifold (M,Ω) with boundary ∂M , for any loop Φ = {φt} ∈ (ker S˜Ω ∩ π1(GΩ(M)),
we have∫
OΦz
α = 1
V olΩ(M)
∫
∂M
(∫ 1
0
f sΦ,αφ
∗
s
(
ι(φ˙s)Ω
)
ds
)
, for each z ∈ M , and each closed
1−form α on M , where f sΦ,α :=
∫ s
0 α(φ˙u) ◦ φudu: Geometrically, this seems to sug-
gest that on a compact connected oriented manifold (M,Ω) with boundary, the smooth
manifold ∂M could be an obstruction that impeaches certain orbits for volume-preserving
isotopies onM to be contractible. z
Proposition 3.10. (Factorization III) Let (M,Ω) be a compact connected oriented man-
ifold possibly with boundary such that Ω = αl := α ∧ · · · ∧ α︸ ︷︷ ︸
l−times
, where α is a closed
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deg(α)−form with deg(α) = dim(M)/l, and for each volume-preserving isotopy Φ =
{φt} the [deg(α)− 1]−form ι(φ˙t)α is closed for each t. Therefore,
(1) if deg(α) is even, then
S˜Ω(Φ) =
dim(M)
deg(α)
P
α



dim(M)
deg(α)

−1


∧
∫ 1
0 ι(φ˙t)αdt
 ,
(2) if deg(α) is odd, then
S˜Ω(Φ) = (−1)

1+E

dim(M)
2 deg(α)




P
α



dim(M)
deg(α)

−1


∧
∫ 1
0 ι(φ˙t)αdt
 ,
where for each positive real number x, E(x) is x minus its fractional part; and P is the
natural projection P : Z∗(M)→ H∗(M,R).
Proof. Assume α is a closed deg(α)−form of even degree, and let β be any closed
1−form. Since β ∧Ω = 0, we derive as in the proof of Proposition 3.4 that
(3.10) φ∗s
(
β(φ˙s)
)
Ω = φ∗s(β ∧ ι(φ˙s)Ω) = β ∧ φ
∗
s(ι(φ˙s)Ω) + df
s
Φ,β ∧ φ
∗
s(ι(φ˙s)Ω)
= lβ ∧ φ∗s
(
ι(φ˙s)α
)
∧ φ∗s
(
αl−1
)
+ df sΦ,β ∧ φ
∗
s(ι(φ˙s)Ω)
for each s ∈ [0, 1], with l = dim(M)/ deg(α), i.e.
(3.11)
∫
M
(∫ 1
0
φ∗s
(
β(φ˙s)
)
ds
)
Ω = l
∫
M
β ∧
(∫ 1
0
φ∗s
(
ι(φ˙s)α ∧ α
l−1
)
ds
)
+
∫
∂M
∫ 1
0
(
f sΦ,αtφ
∗
s
(
ι(φ˙s)Ω
)
ds
)
.
Thus, we derive by the mean of Proposition 3.8 that,
〈P (β), S˜Ω(Φ)〉 =
∫
M
(∫ 1
0
φ∗s
(
β(φ˙s)
)
ds
)
Ω = 〈P (β), lP
(
αl−1 ∧
∫ 1
0
ι(φ˙s)αds
)
〉,
for all closed 1−form β. Therefore, the non-degeneracy of 〈, 〉 implies that
S˜Ω(Φ) = lP
(
αl−1 ∧
∫ 1
0
ι(φ˙s)αds
)
. For the second item, assume that α is a closed
deg(α)−form of odd degree, and let β be any closed 1−form. Similar calculations lead to
(3.12) φ∗s
(
β(φ˙s)
)
Ω = (−1)ǫφ∗s(β)∧φ
∗
s
(
ι(φ˙s)α
)
∧φ∗s
(
αl−1
)
+ df sΦ,β ∧φ
∗
s(ι(φ˙s)Ω),
for each s ∈ [0, 1], with ǫ =
(
1 + E
(
dim(M)
2 deg(α)
))
, where for each positive real number
x, E(x) is x minus its fractional part. Q.E.D 
Remark 3.11. If (M,ω) is a 2l−dimensional symplectic manifold oriented with the Liou-
ville volume form Ω0 =
ωl
l!
, then set α = ω, and derive from Proposition 3.10 that
S˜Ω0(Φ) =
l
l!
P (
∫ 1
0
φ∗t (ι(φ˙t)ω)dt ∧ ω
(l−1)) =
1
(l − 1)!
S˜ω(Φ) ∧ P (ω
(l−1)),
for all symplectic isotopy Φ: Proposition 3.10 is a generalization of the factorization result
found by Banyaga [1, 3].
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4. THE GEOMETRY OF THE DISPLACEMENTS OF CLOSED 1−FORMS
In this section, we assume that ∂M = ∅. Let ψ ∈ Diff∞(M), for each fixed
p ∈ M (such a point is called a base point), and for all z ∈ M , let ξz denote a ge-
odesic from p to z. Then, for each closed 1−form α, the following smooth function
νψ,αp : M → R, z 7→
∫
ξz
(ψ∗α− α) , is well-defined since it does not depend on the
choice of any curve from p to z. The real number
∫
ξ
(ψ∗α− α) can be viewed in a certain
sense as the displacement of α under the action of ψ along the curve ξ.
We have the following fact.
Corollary 4.1. (Changing base points) Let ψ ∈ Diff∞0 (M) and α be any closed non-
trivial 1−form. If ξ and γ are two curves such that ξ(1) = γ(1), then we have
νψ,α
ξ(0) − ν
ψ,α
γ(0) + ν
ψ,α
γ(0)(ξ(0)) = 0.
Proof. Since the curves ξ, γ, and C form the boundary of a 2−chain inM , and by (1.1)
the 1−form ψ∗α − α is exact, then
∫
ξ
(ψ∗α− α) −
∫
γ
(ψ∗α− α) +
∫
C
(ψ∗α− α) = 0,
i.e. νψ,α
ξ(0) − ν
ψ,α
γ(0) + ν
ψ,α
γ(0)(ξ(0)) = 0. Q.E.D
For further investigations, let us consider the following function defined onDiff∞0 (M)
as follows: For each p ∈ M (fixed), then to each ψ ∈ Diff∞0 (M), assign the quantity
∆(ψ, α)p defined by:
(4.1) ∆(ψ, α)p :=
 0, if α = 01
‖α‖L2
∫
M
νψ,αp Ω , if α ∈
(
Z1(M)\{0}
)
,
where ‖α‖L2 is the L2−Hodge norm of α: ‖α‖2L2 :=
∫
M
α ∧ ∗α, where ∗ is the usual
Hodge star operator. The above formula is well-defined for each p ∈ M and all α ∈
Z1(M).
Corollary 4.2. Fix a point x ∈ M , and an element α ∈
(
Z1(M)\{0}
)
. For each ψ ∈
GΩ(M), we have,
∆(ψ, α)x =
1
‖α‖L2
〈P (α), S˜Ω(Ψ)〉 −
V olΩ(M)
‖α‖L2
∫
OΨx
α,
and the real number∆(ψ, α)x does not depend on any choice of an isotopy in Iso(ψ)Ω.
Proof : Fix a point x ∈ M . Formula (1.1) implies that if Φ,Ψ ∈ Iso(ψ)Ω, then
Fα(Ψ)(1)(y) = Fα(Φ)(1)(y) + cte, for all y ∈M , i.e.
Fα(Ψ)(1)(y)−Fα(Ψ)(1)(x) = Fα(Φ)(1)(y) −Fα(Φ)(1)(x),
for all y ∈M . On the other hand, if we let ξy denote any curve from x to y, then it follows
that νψ,αx (y) = Fα(Ψ)(1)(y)−Fα(Ψ)(1)(x), for all y ∈M , i.e.
Fα(Ψ)(1)(y)−Fα(Ψ)(1)(x) = ν
ψ,α
x (y) = Fα(Φ)(1)(y)−Fα(Φ)(1)(x),
for all y ∈M . Hence, integrating the above relation overM yields,∫
M
Fα(Ψ)(1)Ω−Fα(Ψ)(1)(x)
∫
M
Ω =
∫
M
νψ,αx Ω =
∫
M
Fα(Φ)(1)Ω−Fα(Φ)(1)(x)
∫
M
Ω.
Therefore, multiplying the above equality in both sides by 1/‖α‖L2 yields
1
‖α‖L2
∫
M
Fα(Ψ)(1)Ω−
V olΩ(M)
‖α‖L2
Fα(Ψ)(1)(x) =
1
‖α‖L2
∫
M
νψ,αx Ω,
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=
1
‖α‖L2
∫
M
Fα(Φ)(1)Ω−
V olΩ(M)
‖α‖L2
Fα(Φ)(1)(x),
for allΦ,Ψ ∈ Iso(ψ)Ω, whereFα(Ψ)(1)(x) =
∫
OΨx
α, while Proposition 3.4 implies that,∫
M
Fα(Φ)(1)Ω = 〈P (α), S˜Ω(Φ)〉. Q.E.D 
Let Φ be an isotopy. For each positive integer l, we shall write Φl to mean the l−fold
of the isotopy Φ, i.e. Φl = Φ ◦ · · · ◦ Φ︸ ︷︷ ︸
l−times
. Similarly, for each diffeomorphism φ and for each
positive integer l, we shall write φl to mean φl = φ ◦ · · · ◦ φ︸ ︷︷ ︸
l−times
.
Proposition 4.3. (Fragmentation)For each x ∈M (fixed), and for eachα ∈ Z1(M)\{0},
the mapping∆(., α)x : GΩ(M)→ R, ψ 7→ ∆(ψ, α)x, has the following properties:
(1) For all ψ1, . . . , ψk ∈ GΩ(M), we have
∆(ψ1 ◦ · · · ◦ ψk, α)x = ∆(ψ
k, α)x +
∑
k−1≥i≥1
∆(ψi, α)(ψi+1◦···◦ψk)(x).
(2) In particular,
∆(ψ1 ◦ ψ2, α)x = ∆(ψ
1, α)x +∆(ψ
2, α)x +
V olΩ(M)
‖α‖L2
(∫
OΦx
α−
∫
OΦ
ψ2(x)
α
)
,
for all Φ ∈ Iso(ψ1)Ω.
(3) For all l ∈ Z∗, and for each ψ ∈ GΩ(M), we have
∆(ψl, α)x = l∆(ψ, α)x +
V olΩ(M)
‖α‖L2
(
l
∫
OΦǫx
α−
ǫl−1∑
i=0
∫
OΦ
ǫ
ψǫi(x)
α
)
,
where Φ ∈ Iso(ψ)Ω, and ǫ = sign(l), and ψǫi = ψ
ǫ ◦ · · · ◦ ψǫ︸ ︷︷ ︸
i−times
.
Proof : For the first item, we proceed by induction: For k = 2, we derive from Corollary
4.2 that
∆(ψ1 ◦ ψ2, α)x =
1
‖α‖L2
〈P (α), S˜Ω(Ψ ∗l Φ)〉 −
V olΩ(M)
‖α‖L2
∫
O
Ψ∗lΦ
x
α,
where Φ ∗l Ψ ∈ Iso(ψ1 ◦ ψ2)Ω is the left concatenation of Ψ ∈ Iso(ψ2)Ω by Φ ∈
Iso(ψ1)Ω. Observe that S˜Ω(Ψ∗lΦ) = S˜Ω(Ψ)+ S˜Ω(Φ); andOΦ∗lΨx = O
Ψ
x
⊔
OΦψ2(x), and
deduce that ∆(ψ1 ◦ ψ2, α)x = ∆(ψ2, α)x +∆(ψ1, α)ψ2(x). Let k > 2: Assume that
∆(ψ1 ◦ · · · ◦ ψk−1, α)x = ∆(ψ
k−1, α)x +
∑
k−2≥i≥1
∆(ψi, α)(ψi+1◦···◦ψk−1)(x),
set φ := ψ1 ◦ · · · ◦ ψk−1, and compute
∆(φ ◦ ψk, α)x = ∆(ψ
k, α)x +∆(φ, α)ψk(x)
= ∆(ψk, α)x +∆(ψ
k−1, α)(ψk(x)) +
∑
k−2≥i≥1
∆(ψi, α)(ψi+1◦···◦ψk−1)(x),
= ∆(ψk, α)x +
∑
k−1≥i≥1
∆(ψi, α)(ψi+1◦···◦ψk−1)(x).
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For the second item, a direct computation with the help of Corollary 4.2 shows that
∆(ψ1, α)ψ2(x) =
1
‖α‖L2
〈P (α), S˜Ω(Φ)〉 −
V olΩ(M)
‖α‖L2
∫
OΦ
ψ2(x)
α
= ∆(ψ1, α)x +
V olΩ(M)
‖α‖L2
(∫
OΦx
α−
∫
OΦ
ψ2(x)
α
)
.
For the third item, assume l positive, and for each i = 0, 1, . . . , l − 1; consider a smooth
increasing function λi, defined from [i/l, i+ 1/l] onto [0, 1]. Define an isotopy Φl as fol-
lows: Φl(t) = Φ(λi(t))◦ψi, whenever t ∈ [i/l, i+1/l], and i = 0, 1 . . . , l−1. Since Φ ∈
Iso(ψ)Ω, we have Φl ∈ Iso(ψl)Ω. Therefore, we obtain S˜Ω(Φl) = lS˜Ω(Φ), and OΦ
l
x =⋃l−1
i=0O
Φ
ψi(x), and this in turn with Corollary 4.2 implies that
∆(ψl, α)x =
1
‖α‖L2
〈P (α), S˜Ω(Φ
l)〉 −
V olΩ(M)
‖α‖L2
∫
OΦlx
α
=
l
‖α‖L2
〈P (α), S˜Ω(Φ)〉 −
V olΩ(M)
‖α‖L2
l−1∑
i=0
∫
OΦ
ψi(x)
α
= l∆(ψ, α)x +
V olΩ(M)
‖α‖L2
(
l
∫
OΦx
α−
l−1∑
i=0
∫
OΦ
ψi(x)
α
)
.
When ǫ = −1, i.e. l is negative, the result follows from similar arguments. Q.E.D 
Lemma 4.4. For each x ∈M (fixed), and for each α ∈ Z1(M), the map
∆(., α)x : Diff
∞
0 (M)→ R, ψ 7→ ∆(ψ, α)x, is continuouswith respect to theC
0−topology
onDiff∞0 (M).
Proof. Let (ψi) ⊆ Diff∞0 (M) be a sequence which converges to ψ ∈ Diff
∞
0 (M)
with respect to the C0−metric. Suppose that for i sufficiently large dC0(ψi, ψ) ≤ r(g)/i
where r(g) is the injectivity radius of the Riemannian metric g on M (fixed). Since for
all i sufficiently large we have the metric condition, dC0(ψi, ψ) ≤ r(g)/i holds, then
for all y ∈ M , the points ψi(y) and ψ(y) can be connected through a unique minimal
geodesic χiy . Let z be any point of M which realizes the supremum of the function y 7→
|νψi,αx (y) − ν
ψ,α
x (y)|, and for all i sufficiently large, denote by (z, x, ψi, ψ) the smooth
2−chain delimited by the curves ψi(γz), ψ(γz), χiz , and χ
i
x, where γz is any smooth curve
x to z. Compute,
νψi,αx (z)− ν
ψ,α
x (z) =
∫
γz
ψ∗i (α) −
∫
γz
ψ∗(α) =
∫
ψi(γz)
α−
∫
ψ(γz)
α,
and since α is closed, derive fromStokes’ theorem that 0 =
∫
(z,x,ψi,ψ)
dα =
∫
∂(z,x,ψi,ψ)
α,
i.e.
sup
y
|νψi,αx (y)− ν
ψ,α
x (y)| = |
∫
γz
ψ∗i (α)−
∫
γz
ψ∗(α)| = |
∫
ψi(γz)
α−
∫
ψ(γz)
α|
= |
∫
χiz
α−
∫
χix
α| ≤ |
∫
χiz
α|+ |
∫
χix
α| ≤ 2‖α‖L2dC0(ψi, ψ),
because the speed of a minimal geodesic is bounded from above by the distance between
its endpoints. Hence,
|∆(ψi, α)x −∆(ψ, α)x| ≤
V olΩ(M)
‖α‖L2
sup
y
|νψi,αx (y)− ν
ψ,α
x (y)|
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≤ 2V olΩ(M)dC0(ψi, ψ)→ 0, i→∞.
Q.E.D
4.1. Flux geometry via orbits.
Theorem 4.5. Let (M,Ω) be a closed orientedmanifold. For eachϕ ∈ (GΩ(M)\{idM}) ,
letΦ andΨ be two volume-preserving isotopies in Iso(ϕ)Ω. If there exists a point z0 ∈M
for which the orbits OΨz0 andO
Φ
z0
are homotopic relatively to fix endpoints, then
S˜Ω(Φ) = S˜Ω(Ψ).
Proof : Suppose that the 1−cycle (−OΨz0)
⊔
OΦz0 is contractible. Consider α to be any
closed 1−form such that P (α) 6= 0, and letH = S(P (α)). Corollary 4.2 implies that
(4.2) ∆(ϕ, α)z0 =
1
‖α‖L2
〈P (α), S˜Ω(Θ)〉 −
V olΩ(M)
‖α‖L2
∫
OΘz0
α,
for allΘ ∈ Iso(ϕ)Ω. In particular, since each of the isotopiesΦ andΨ belongs to Iso(ϕ)Ω,
we then obtain from (4.2) that
〈P (α), S˜Ω(Φ)〉 − V olΩ(M)
∫
OΦz0
α = 〈p(α), S˜Ω(Ψ)〉 − V olΩ(M)
∫
OΨz0
α,
i.e., 〈P (α), S˜Ω(Ψ)− S˜Ω(Φ)〉 = V olΩ(M)
∫
(−OΨz0)
⊔
OΦz0
α, for all closed 1−form α. But,
since (−OΨz0)
⊔
OΦz0 is contractible, and α is closed, one derives from Stokes’ theorem
that:
∫
(−OΨz0)
⊔
OΦz0
α = 0, i.e., 〈P (α), S˜Ω(Ψ) − S˜Ω(Φ)〉 = 0, for all closed 1−form α.
This implies that S˜Ω(Ψ) = S˜Ω(Φ). Q.E.D
Theorem 4.5 implies that if Φ and Ψ are homotopic relatively to fixed endpoints, then
they have the same flux: Thus, Theorem 4.5 implies a result found in [2]. z
Theorem 4.6. Let (M,Ω) be a closed oriented manifold. Then, the group ΓΩ is discrete.
Proof : The Poincaré pairing 〈, 〉 : H1(M,R) ×H(n−1)(M,R)→ R, being a continu-
ous bilinear mapping, let µ0 denote any positive constant such that
(4.3) |〈A,B〉| ≤ µ0‖A‖L2‖B‖L2,
for all (A,B) ∈ H1(M,R) ×H(n−1)(M,R). Let α (fixed) be any closed 1−form such
that P (α) ∈ B1S(0, 1), and consider the continuous linear mappingLα : H
(n−1)(M,R)→
R, B 7→ 〈P (α), B〉. It follows from (4.3) that |Lα(B)| = |〈P (α), B〉| ≤ µ0‖B‖L2 , for
all B ∈ H(n−1)(M,R) because P (α) ∈ B1S(0, 1). Now, since ΓΩ is countable, we can
assume that ♯ΓΩ > 1. Otherwise, ΓΩ = {0}, and hence discrete. Let β, β˜ ∈ ΓΩ: By
definition of ΓΩ, there exist Φ,Ψ ∈ π1(GΩ(M)) such that β = S˜Ω(Φ), and β˜ = S˜Ω(Ψ).
We define another loop at the identity by setting Θ := Φ ∗r Ψ−1. Therefore, we have
following two possibilities. Either: There exists a z0 ∈ M such that the 1−cycle OΘz0 =
OΦz0
⊔
(−OΨz0) is contractible. In this situation, Lemme 3.5 implies that
1
V olΩ(M)
〈P (α), β − β˜〉 =
1
V olΩ(M)
〈P (α), S˜Ω(Θ)〉 =
∫
OΘz0
α, for all closed 1−form
α, i.e., β = β˜. Or: For each y ∈ M , the 1−cycle OΘy is not contractible. In this case,
since β 6= β˜, assume in addition that they are arbitrarily closed in the natural topology of
ΓΩ, i.e., in the topology induced by the vector space structure of H(n−1)(M,R). Since
H(n−1)(M,R) is a finite dimensional real vector space, all the norms on H(n−1)(M,R)
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are equivalent, in particular, we shall equip H(n−1)(M,R) with the L2−Hodge norm
‖, ‖L2: Let l be any arbitrary positive integer, and assume that
(4.4) ‖β − β˜‖L2 <
V olΩ(M)
2µ0l
,
where µ0 is the constant defined in (4.3). On the other hand, let z ∈M (fixed) and choose
any closed 1−form α0 on M with P (α0) ∈ B1S(0, 1) such that
∫
OΘz
α0 6= 0: This is also
possible because OΘz is a non-contractible loop by assumption. With the help of Lemme
3.5 together with (4.4), we derive that
0 <|
∫
OΘz
α0| = |
〈P (α0), S˜Ω(Θ)〉
V olΩ(M)
| ≤ µ0
V olΩ(M)
‖β− β˜‖L2 ≤ 1/(2l) < 1/l, for all positive
integer l. This is a contradiction because the top right-hand side of the above inequalities
tends to zero as l tends to infinity. Therefore, we have proved that in ΓΩ two elements are
arbitrarily closed, if and only if, they are equal. Q.E.D.♥
In particular, on any Lefschetz closed symplectic manifold (M,ω), Theorem 4.6 implies
that the Calabi group is discrete: A result that was definitely prove by Ono [17] for any
closed symplectic manifold. Furthermore, it is well known that the symplectic analogue
of Theorem 4.6 which states that the Calabi group is discrete is equivalent to say that the
group of all Hamiltonian diffeomorphisms is C1−closed in the group of all symplectic
diffeomorphisms isotopic to the identity map. This motivated the following fact.
Lemma 4.7. Let (M,Ω) be a closed orientedmanifold. The sub-group kerSΩ isC
1−closed
inside the groupGΩ(M).
Proof : Let {φi} ⊂ kerSΩ be a sequence which converges in the C1−metric to some
φ ∈ GΩ(M). Let {Φi = (φti)} be a sequence of vanishing-flux isotopies with Φi ∈
Iso(φi)Ω for each i, and letΦ := (φt) ∈ Iso(φ)Ω be an arbitrary element. Since the group
GΩ(M) is locally connected by smooth arcs (see [3]), fix a small path connected open
neighborhood of the identity map, say V(idM ), and since ψi := φi ◦ φ−1
C1
−−→ idM , we
may assume that for all i sufficiently large, one has ψi ∈ V(idM ). For each i sufficiently
large, one can choose a smooth curve σi from ψi to the identity, lying inside V(idM )
such that σi tends to the constant path identity in the C1−metric as i tends to infinity (if
necessary, when σi is only C1, then approximate it in the C∞−topology by another ̺i
having the same endpoints than σi, [11]). Assume this done. Now, fix any sufficiently
large integer i, setΨi : t 7→ (φti ◦φ
−1
t ) for each t, and consider the following juxtaposition
of paths,
Ji(t) =
{
Ψi(λ(t)), if 0 ≤ t ≤ 12 ,
σi(τ(t)), if
1
2 ≤ t ≤ 1,
where λ : [0, 1/2] → [0, 1], and τ : [1/2, 1] → [0, 1] are smooth functions such that
λ(1/2) = 1 = τ(1), and λ(0) = 0 = τ(1/2). By construction, we have Ji(0) = idM =
Ji(1), i.e., S˜Ω(Ji) ∈ ΓΩ. That is, for all i sufficiently large, we have
(♭) : 0 = dist(S˜Ω(Ji), ΓΩ) = dist(S˜Ω(σi)− S˜Ω(Φ), ΓΩ),
since S˜Ω(Ji) = S˜Ω(σi) + S˜Ω(Φi)− S˜Ω(Φ), and S˜Ω(Φj) = 0 for all j. Taking the limit in
(♭) has i tends to infinity yields,
0 = lim
i
dist(S˜Ω(σi)−S˜Ω(Φ), ΓΩ) = dist(lim
i
S˜Ω(σi)−S˜Ω(Φ), ΓΩ) = dist(−S˜Ω(Φ), ΓΩ),
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because by construction, σi tends to the constant path identity in theC1−metric as i→∞.
That is, S˜Ω(Φ) ∈ ΓΩ, and this implies that S˜Ω(Φ) ∈ ΓΩ because by Theorem 4.6, the
group ΓΩ is discrete. Finally, we have proved that any volume-preserving isotopy from the
identity to φ must have its flux in ΓΩ: This means that φ ∈ kerSΩ. Q.E.D.⋆
Lemma 4.8. Let (M,Ω) be a closed orientedmanifold. The sub-group ker S˜Ω isC
0−closed
inside the group Iso(M,Ω).
Proof : Let {Φi} be a sequence of vanishing-flux isotopies which converges uniformly
to a volume-preserving isotopy Φ. We have to show that S˜Ω(Φ) = 0. Since Φ is smooth,
then for each closed 1−form α, we have
(4.5) |
∫
M
Fα(Φ)(1)Ω| ≤ |
∫
M
Fα(Φi)(1)Ω|+ |
∫
M
(Fα(Φi)(1)−Fα(Φ)(1)) Ω|
≤ 0 + 4V olΩ(M)‖α‖L2dC0(Φi,Φ)→ 0, i→∞,
because by Proposition 3.4 we have, 0 = 〈P (α), S˜Ω(Φi)〉 =
∫
M
Fα(Φi)(1)Ω, for each i,
and since limC0(Φi) = Φ, it follows from Lemma 3.10−[19] that
|
∫
M
Fα ((Φi)(1)−Fα(Φ)(1))Ω| ≤ V olΩ(M) sup
x∈M
|Fα(Φi)(1)(x) −Fα(Φ)(1)(x)|,
≤ 4V olΩ(M)‖α‖L2dC0(Φi,Φ),
for i large enough. Thus, the right-hand side in (4.5) tends to zero as i goes at infinity,
and hence the left-hand side in (4.5) vanishes. Therefore, since Φ is a volume-preserving
isotopy, it follows from Proposition 3.4 that, 0 =
∫
M
Fα(Φ)(1)Ω = 〈P (α), S˜Ω(Φ)〉, for
each closed 1−form α. That is, 〈P (β), S˜Ω(Φ)〉 = 0, for all closed 1−form β. This,
implies that S˜Ω(Φ) = 0. Q.E.D.
4.2. Application to quasi-morphisms for symplectic closed 2−surfaces. We assume
that (M,ω) is a 2−dimensional closed symplectic manifold. Firstly, observe that Proposi-
tion 4.3 implies that for each non-trivial closed 1−form α, and each x ∈M , we have
(4.6) ∆(ψ ◦ φ, α)x = ∆(ψ, α)x +∆(φ, α)x +
V olΩ(M)
‖α‖L2
(∫
OΨx
α−
∫
OΨ
φ(x)
α
)
,
for all ψ, φ ∈ Symp0(M,ω), and for all Ψ ∈ Iso(ψ)ω . That is, the quantity(∫
OΨx
α−
∫
OΨ
φ(x)
α
)
seems to impeach ∆(., α)x to be a homomorphism in the usual
sense. However, the goal of this subsection is to check whether ∆(., α)x can give rise
to a quasi-morphism or not.
Note that if G is a group, then a mapping ∆ : G → R is a quasi-morphism if there ex-
ists a real number R > 0 such that |∆(fg) − ∆(f) − ∆(g)| ≤ R, for all f, g ∈ G. In
addition, if ∆(fm) = m∆(f), for each f ∈ G an for each m ∈ Z, then ∆ is called a
homogeneous quasi-morphism (see [7]). The minimal value of the real number R in the
above definition is sometimes called the defect of the quasi-morphism ∆. This is due to
the fact that ifR = 0, then∆will be a homomorphism in the usual sense. Furthermore, for
each quasi-morphism∆, the map ψ 7→ limm−→∞{∆(ψm)/m}, induces a homogeneous
quasi-morphism.
Proposition 4.9. Assume (M,ω) to be a 2−dimensional closed symplectic manifold with
H1(M,R) 6= 0. Let α be a non-trivial closed 1−form and p ∈M be any point. Therefore,
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the mapping ∆(., α)p : Symp0(M,ω) → R, ψ 7→ ∆(ψ, α)p, is a continuous quasi-
morphism whose defect is less than or equal to twice the square of the symplectic area of
M .
Proof. Let α be a non-trivial closed 1−form and p ∈ M . Proposition 4.3 implies that
for all ψ, φ ∈ Symp0(M,ω), we have
1
V olΩ(M)
|∆(ψ ◦φ, α)p −∆(ψ, α)p −∆(φ, α)p| ≤ |
∫
OΨ
φ(p)
1
‖α‖L2
α|+ |
∫
OΨp
1
‖α‖L2
α|,
for each Φ ∈ Iso(φ)ω . Since
∫
OΨp
1
‖α‖L2
α (resp.
∫
OΨ
φ(p)
1
‖α‖L2
α) is the algebraic value
of the symplectic area swept by the orbit OΨp (resp. O
Ψ
φ(p)) under the symplectic flow
generated by the closed 1−form
1
‖α‖L2
α, then |
∫
OΨp
1
‖α‖L2
α| (resp. |
∫
OΨ
φ(p)
1
‖α‖L2
α|)
is less than or equal to the symplectic area A(M) ofM . Therefore,
(4.7) |∆(ψ ◦ φ, α)p −∆(ψ, α)p −∆(φ, α)p| ≤ 2A(M)V olΩ(M) = 2[A(M)]
2,
for all ψ, φ ∈ Symp0(M,ω) because here the area form is the volume form. Q.E.D
5. ON THE DYNAMICS OF FIX-POINTS FOR VOLUME-PRESERVING DIFFEOMORPHISMS
Let α ∈ Z1(M), and fix a point x ∈ M . Corollary 4.2 implies that for each ϕ ∈
GΩ(M), the real number ∆(ϕ, α)x does not depend on any choice of an isotopy Ψ in
Iso(ϕ). In particular, as we shall see this seems to suggest that the ’zeros’ of the function
∆(., α)x could fix-points for volume-preserving diffeomorphisms. The goal of this section
is to enhance the application of flux geometry in the study of the dynamics of fix-points for
volume-preserving diffeomorphisms. To that end, let us introduce the following notions
and notations.
Given a non-empty set A, we shall write ♯A to mean the cardinal of A; while for each
φ ∈ GΩ(M), we shall write FIX (φ) to mean the set of all point z ∈ M such that
φ(x) = x.
Now, let h ∈ C∞(M,R) be non-trivial, and let Crit(h) ⊂M , be the subset ofM consists
of all the critical points for h. From Morse theory, we may assume that Crit(h) 6= ∅, for
each h ∈ C∞(M,R). In fact, the Morse theory seems to suggest that critical points of
smooth functions on a closed oriented manifold are potential candidates to be fix-points
for volume-preserving diffeomorphisms in the following sense.
Claim: If one assumes that there is ψ ∈ GΩ(M) such that FIX (ψ) = ∅, then no smooth
function onM can be injective.
Proof of the claim: If h ∈ C∞(M,R) was injective, then Proposition 3.4 will imply
that for each Φ ∈ Iso(ψ), we could have
∫
M
Fdh(Φ)Ω = 〈P (dh), S˜Ω(Φ¯)〉 = 0, because
P (dh) = 0. Hence, we could have a point x(h,Φ) ∈M (depending on h and Φ) such that
Fdh(Φ)(x(h,Φ)) = 0, i.e.,
(5.1) 0 = Fdh(Φ)(x(h,Φ)) =
∫
OΦ
x(h,Φ)
dh = h(ψ(x(h,Φ))) − h(x(h,Φ)),
which gives, ψ(x(h,Φ))) = x(h,Φ). So, the injective nature of h would contradict the
fact that ψ has no fix-point. z
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Example 5.1. Consider the torus T2k with coordinates (θ1, . . . , θ2k) and equip it with the
flat Riemannian metric g0: All the 1−forms dθi, i = 1, . . . , 2k are harmonic. Take the
1−forms dθi for i = 1, . . . , 2k as basis for the space of harmonic 1−forms and consider
the symplectic form ω =
∑k
i=1 dθi ∧ dθi+k. Then, the action of the unit circle S
1 on T2k:
ρ : S1 × T2k → T2k, (α, (θ1, θ2, . . . , θ2k)) 7→ (θ1 + α, θ2 + α, . . . , θ2k + α), induces a
volume-preserving diffeomorphism ρα : T2k → T2k which has no fixed point whenever α
is small and non-trivial. Thus, no smooth function in C∞(T2k,R) can be injective.
An interesting problem in fix-points theory is how to predict exactly the minimum num-
ber of fix-points that can have a mapping. In the frame of symplectic geometry, we have
the following conjecture which is due to Arnold.
Conjecture (Arnold): A Hamiltonian diffeomorphism of a closed symplectic manifold
(M,ω) must have at least as many fixed points as the minimal number of critical points of
a smooth function onM .
Here are some affirmatives answers to the Arnold conjecture:
• Using Lagrangian intersections, Weinstein [23] showed that: Any symplectic dif-
feomorphism of a compact simply connected symplectic manifold has at least two
fixed-points provided that it is sufficiently C1−closed to the identity map.
• Banyaga [2]: Showed that any Hamiltonian diffeomorphism has at least cat(M)
fixed-points provided that it is sufficiently C1−closed to the identity map, where
cat(M) stands for the Lusternik-Schnirelman category of the manifold M [2]:
cat(M) is the smallest positive integer l such that there exists a coverU1, . . . , Ul+1
ofM consists of contractible open subsets. Lusternik-Schnirelman proved that the
inequality holds
1 + cat(M) ≤ ♯Crit(f) ≤ 1 + dim(M), for any smooth function f onM .
• Definitely, the Arnold conjecture was solved by Fukaya-Ono [10], and Liu-Tian
[15], using different methods.
We have the following consequence of Proposition 3.4.
Proposition 5.2. Let (M,Ω) be an oriented closed manifold, and letψ ∈ GΩ(M). Assume
that there exists h ∈ C∞(M,R) such that ♯Crit(h) = 1. If there exists Φ ∈ Iso(ψ)Ω such
that x(h,Φ) ∈ Crit(h) where the point x(h,Φ) is defined as in (5.1), then x(h,Φ) is a
fixed-point for ψ.
Proof : Letψ ∈ GΩ(M), assume that there exists h ∈ C∞(M,R) such that ♯Crit(h) =
1, and that there exists Φ ∈ Iso(ψ)Ω such that x(h,Φ) ∈ Crit(h). Set z := x(h,Φ), and
assume that ψ(z) 6= z. By assumption, since ψ(z) 6= z, then the smooth map t 7→
h(Φ(z, t)) satisfies exactly one of the following conditions: Either, h(z) < h(ψ(z)), or
h(ψ(z)) < h(z). On the other hand, since
∫
OΦz
dh = 0 (Proposition 3.4), then we derive
that h(ψ(z)) = h(z). This is in contradiction with any of the above inequalities. Thus,
ψ(z) = z. z
Definition 5.3. An element (p, ψ) ∈ M × GΩ(M) is called a zero for ∆, if and only if,
∆(ψ, α)p = 0, for all α ∈ Z1(M).
Theorem 5.4. Let (M,Ω) be an oriented closed manifold. Then, (p, ψ) ∈M × kerSΩ is
a zero for∆, if and only if, p ∈ FIX (ψ).
The the proof of Theorem 5.4 will need the following contractibility result which gen-
eralizes a result from Hamiltonian dynamics found in [14, 19].
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Lemma 5.5. (Global contractibility) Let (M,Ω) be an oriented closed manifold. If ψ ∈
kerSΩ has a fix-point p, then for any Φ ∈ Iso(ψ)Ω with trivial flux, the orbit OΦp is
contractible.
The proof of the Lemma 5.5 will need the following corollaries.
Corollary 5.6. (Local contractibility) Consider the set Cr(g)(idM ) := {φ ∈ GΩ(M) :
dC1(φ, idM ) < r(g)/2}, where r(g) is the injectivity radius of a Riemannian metric g on
M . Then, for each p ∈ FIX (ψ), and for any isotopyΦ ∈ Iso(ψ)Ω which does not escape
Cr(g)(idM ), the orbit O
Φ
p is contractible.
Proof : Let Φ = {φt} ∈ Iso(ψ)Ω which does not escape Cr(g)(idM ). Then, the con-
dition dC1(φt, idM ) < r(g)/2, for all t, implies in particular that for each t, the points
φt(p) can be connected to p via a unique minimal geodesic Cφt(p),p. This induces a ho-
motopy between the curves OΦp and t 7→ p. We may define this homotopy H as follows:
H(0, 0) = p = φ(p) = H(1, 1), H(0, t) = OΦp , H(1, t) = p, for all t, and H(s, t) is the
time−s of the geodesic Cφt(p),p, i.e., ⊛(Φ, p) := {H(s, t) : (s, t) ∈ [0, 1] × [0, 1]} is a
2−chain with ∂ ⊛ (Φ, p) = OΦp ⊔ {p} = O
Φ
p . Q.E.D ♠
Corollary 5.7. Let {Ui}1≤i≤k be an open cover of M . Let ψ ∈ kerSΩ which can be
fragmented as ψ = ψ1 ◦ · · · ◦ ψk such that for each i:
• ψi ∈ kerSΩ, and supp(ψi) ⊂ Ui,
• ψi is sufficiently C1−closed to the identity map,
• ψi con be connected to the identity map through a vanishing-flux path Φi which is
sufficiently C1−closed to the identity path.
Then, for each α ∈ Z1(M), we have∆(ψ, α)p = 0, provided p ∈ FIX (ψ).
Proof : Since ψ = ψ1 ◦ · · · ◦ ψk, one derives from Proposition 4.3 that ∆(ψ, α)p =
∆(ψ1 ◦ · · · ◦ ψk, α)p = ∆(ψk, α)p +
∑
k−1≥i≥1∆(ψi, α)(ψi+1◦···◦ψk)(p), for each α ∈
Z1(M). On the other hand, since each ψi ∈ kerSΩ is sufficiently C1−closed to the
identity map, and kerSΩ is locally connected by smooth arcs, let Φi ∈ Iso(ψi)Ω be an
isotopy with trivial flux which is sufficientlyC1−closed to the identity path. For each non-
trivial α ∈ Z1(M), Corollary 4.2 yields: ‖α‖L2∆(ψk, α)p = 0− V olΩ(M)
∫
O
Φk
p
α = 0,
because p being a fix-point for ψk, and the vanishing-flux isotopy Φk being sufficiently
C1−closed to the identity path, it follows from Corollary 5.6, that the orbit OΦkp is con-
tractible. For each i0 < k, we have
‖α‖L2∆(ψi0 , α)(ψi0+1◦···◦ψk)(p) = ‖α‖L2∆(ψi0 , α)p = 0 − V olΩ(M)
∫
O
Φi0
p
α = 0, be-
cause p being a fix-point for ψi0 , and the vanishing-flux isotopy Φi0 being sufficiently
C1−closed to the identity path, it follows from Corollary 5.6, that the orbit O
Φi0
p is con-
tractible. That is, we have∆(ψ, α)p = 0, for all α ∈ Z1(M).Q.E.D ♥
Remark 5.8. • The hypotheses of Corollary 5.7 are all fulfilled when Ω is the sym-
plectic volume form.
• If we let ψ as in Corollary 5.7, then by the help of Corollary 4.2 we derive that
for any fix-point p for ψ (whenever it exists) and for any vanishing-flux path Φ ∈
Iso(ψ)Ω, the orbit OΦp is contractible. Furthermore, in this context with the help
of Corollary 4.2, the 1−cycleOΦp is homologous to a 1−cycle obtained by gluing
at p, the contractible 1−cycles OΦip : We shall call the latter k−fold of 1−cycles,
a k−jet of contractible 1−cycles at p.
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Proof of Lemma 5.5 : Let ψ ∈ kerSΩ which has a fix-point p. By Thurston [20],
the group kerSΩ carries the fragmentation property. So, ψ can be fragmented in several
times until each term in the fragmentation satisfies the hypotheses of Corollary 5.7: As
in Remark 5.8, this shows that for any vanishing-flux path Φ ∈ Iso(ψ)Ω, the orbit OΦp is
homologous to a certain 1−cycle made up by many collections of k−jets of contractible
1−cycles attached at p. Q.E.D ♠ △
Proof of Theorem 5.4 : Assume that (p, ψ) ∈ M × kerSΩ is a zero of ∆. Pick
Φ ∈
(
Iso(ψ)Ω ∩ ker S˜Ω
)
, and derive with the help of Corollary 4.2 that
0 = ‖α‖L2∆(ψ, α)p = 0− V olΩ(M)
∫
OΦp
α, for each α ∈ Z1(M)\{0}, i.e.,
∫
OΦp
α = 0,
for all closed 1−form α. Thus, the orbit OΦp is a boundary, i.e., ψ(p) = p. Conversely,
assume that ψ(p) = p: Since ψ ∈ kerSΩ, then there is an isotopy Φ ∈ Iso(ψ)Ω such that
S˜Ω(Φ) = 0. So, Corollary 4.2 implies that ‖α‖L2∆(ψ, α)p = −V olΩ(M)
∫
OΦp
α for each
α ∈ Z1(M)\{0}, i.e., ∆(ψ, α)p = 0, for each α ∈ Z1(M), because p being a fix-point
for ψ, it follows from Lemma 5.5 that the orbit OΦp is a boundary. Q.E.D N♣
The following fix-points result is an attempt to a generalization of the Arnold conjecture:
A consequence of the Thurston fragmentation result together with Proposition 4.3.
Lemma 5.9. (Weak Arnold’s conjecture) Let (M,Ω) be an oriented closed manifold.
Any vanishing-flux volume-preserving diffeomorphism which is sufficiently C1−closed to
the identity must have at least as many fixed points as the minimal number of critical points
of a smooth function onM .
Proof : Since M is compact, assume that ψ = ψ1 ◦ · · · ◦ ψk with respect to some
open cover {Wi}1≤i≤k of M with each ψi ∈ kerSΩ supported in Wi. We proceed by
contradiction: Assume that ψ(x) 6= x, for all x ∈M . This means that any x ∈M belongs
to the support of a certain ψi, i = 1, . . . , k, i.e. ψi(x) 6= x, for all x ∈ M , and for each
i = 1, . . . , k. This fragmentation together with Proposition 4.3 implies that,
(5.2) ∆(ψ, α)p = ∆(ψ1◦· · ·◦ψk, α)p = ∆(ψk, α)p+
∑
k−1≥i≥1
∆(ψi, α)(ψi+1◦···◦ψk)(p),
for each α ∈ Z1(M), and all p ∈M . Since by assumption ψ is sufficiently C1−closed to
the identity map, we can also assume that there exists an integer i0 such that ψi0 is arbitrary
C1−closed to the identity map. For such an integer i0, pick y0 ∈ supp(ψi0), and since we
must have y0 6= ψ(y0), then construct a smooth function h ∈ C∞(M,R) with the follow-
ing properties: supp(h)  supp(ψi0), y0 ∈ supp(h), ψi0(y0) /∈ supp(h), and h = 3, on
a small open neighborhoodK(y0) ⊂ supp(h) of y0. As in the proof of Lemma 4.4, since
ψi0 is arbitrary C
1−closed to the identity map we may have the following inequality,
(∗) : |∆(ψi0 , dh)(ψi0+1◦···◦ψk)(y0)| = |∆(ψi0 , dh)(y0)| ≤ 2V olΩ(M)dC1(idM , ψi0). On
the other hand, we also compute∆(ψj , dh)(ψj+1◦···◦ψk)(y0) = h(y0) − h(y0) = 0, when-
ever j > i0, and ∆(ψj , dh)(ψj+1◦···◦ψk)(y0) = h(ψi0 (y0)) − h(ψi0(y0)) = 0, whenever
j < i0. Clearly, (5.2) implies that ∆(ψ, dh)y0 = ∆(ψi0 , dh)y0 , and combining this last
equality together with (∗) yields, 1 < 12 |h(y0)| ≤ ‖dh‖L2dC1(idM , ψi0): This is not plau-
sible because the top right-hand side can be considered as arbitrarily small, while the top
left-hand side remains constant. Of course, it is not hard to see that y0 is a critical point for
h. Q.E.D H
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Lemma 5.9 implies the following fix-points result which generalizes and solves the
Arnold conjecture.
Theorem 5.10. (Strong Arnold’s conjecture) Let (M,Ω) be an oriented closed manifold.
Any vanishing-flux volume-preserving diffeomorphism must have at least as many fixed
points as the minimal number of critical points of a smooth function onM .
Proof : If ψ ∈ kerSΩ is sufficiently small in the C1−metric, then apply Lemma 5.9 to
conclude. Otherwise, ψ can be fragmented as ψ1 ◦· · ·◦ψk with respect to some open cover
{Vi}1≤i≤k of M with ψi ∈ kerSΩ and supp(ψi) ⊂ Vi. If necessary, repeat this frag-
mentation process until to obtain a term ψj which is sufficiently C1−closed to the identity
map, and conclude by applying Lemma 5.9. Q.E.D ♠♥
The following result show that a fix-point of any ψ ∈ kerSΩ can determine the flux
geometry of any path in Iso(ψ)Ω.
Lemma 5.11. Let (M,Ω) be an oriented closed manifold. Let φ ∈ kerSΩ. If Ψ ∈
Iso(φ)Ω, then we must have 〈P (α), S˜Ω(Ψ)〉 = V olΩ(M)
∫
OΨp
α, for each α ∈ Z1(M).
Proof : Let Ψ ∈ Iso(φ)Ω, pick Φ ∈ Iso(φ)Ω with vanishing-flux, and derive from
Corollary 4.2 that
〈P (α), S˜Ω(Ψ)〉−V olΩ(M)
∫
OΨp
α = ‖α‖L2∆(φ, α)p = 〈P (α), S˜Ω(Φ)〉−V olΩ(M)
∫
OΦp
α,
for each non-trivial α ∈ Z1(M), i.e., 〈P (α), S˜Ω(Ψ)〉 − V olΩ(M)
∫
OΨp
α = 0, for each
α ∈ Z1(M), because S˜Ω(Φ) = 0, and by Lemma 5.5 the orbit OΦz is contractible when-
ever z ∈ FIX (φ). Q.E.D ♦
5.1. Fix-points and C0−dynamics. The techniques used in the proof of the above fix-
points results require the mapping to be at least of class C1. In what following, we wish to
experiment another way for searching fix-points for volume-preserving diffeomorphisms
using only the C0−metric. For this purpose we will need the following notions:
For each α ∈ Z1(M), and each ψ ∈ GΩ(M), let N∆(ψ, α) ⊂ M denote the null set of
the function p 7→ ∆(ψ, α)p. It is not hard to see that for each (ψ, α) ∈ GΩ(M)×Z1(M),
the set N∆(ψ, α) is closed and non-empty.
Corollary 5.12. Let (M,Ω) be a closed symplectic manifold. If ψ ∈ kerSΩ is sufficiently
C0−closed to the constant map identity, then
⋂
α∈Z1(M)N
∆(ψ, α) 6= ∅.
Proof : Let ψ ∈ GΩ(M) sufficiently C0−closed to the constant map identity. Let α be
an arbitrary closed 1−form. Since by Lemma 4.4, we have
∆(ψ, α)
ψ
C0−−→idM
−−−−−−→ ∆(idM , α) = 0 ∈ C∞(M,R), then it follows that the closed subset
N∆(ψ, α) tends to M whenever ψ
C0
−−→ IdM (no matter the choice of α). So, for each
finite family {αi}i∈I of closed 1−forms, the set
⋂
i∈I N
∆(ψ, αi) can be assumed to be
non-empty whenever ψ is assumed to be sufficiently C0−closed to the identity map be-
cause under this assumption, each closed subset N∆(ψ, αi) tends to recover the ambient
manifold M . Hence, the family of closed subsets {N∆(ψ, α) ⊂ M : α ∈ Z1(M)} has
the property of finite intersections whenever ψ is assumed to be sufficiently C0−closed
to the identity map. The conclusion follows from the Heine-Borel theorem from general
topology. Q.E.D ♥
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Theorem 5.13. Let (M,Ω) be a closed oriented manifold. If ψ ∈ kerSΩ is sufficiently
C0−closed to the identity map, then ♯FIX (ψ) = ♯
(⋂
α∈Z1(M)N
∆(ψ, α)
)
≥ 1.
Proof : Let ψ ∈ kerSΩ be sufficiently C0−closed to the identity map. By Corollary
5.12, for each p ∈
⋂
α∈Z1(M)N
∆(ψ, α), the pair (ψ, p) is a zero for∆, i.e.,∆(ψ, α)p = 0,
for all α ∈ Z1(M). Thus, it follows from Theorem 5.4 that p is a fix-point for ψ. Q.E.D
♦
The following result shows that fix-points can determine the flux geometry of certain
volume-preserving diffeomorphisms.
Lemma 5.14. (Weak C0−flux conjecture I) Let (M,Ω) be a closed oriented manifold.
Let {ψi} ⊂ kerSΩ be a sequence that converges in the C0−metric to φ ∈ GΩ(M) such
that there exists Φ ∈ Iso(φ)Ω which satisfies the metric condition dC0(Φ,Ψi) < r(g) for
some vanishing-flux path Ψi ∈ Iso(ψi)Ω whenever i is sufficiently large. Then, we must
have φ ∈ kerSΩ.
Proof : Let {ψi} be a sequence of vanishing-flux volume-preserving diffeomorphisms
which C0−converges to a volume-preserving diffeomorphism φ. Let zi ∈ FIX (ψi), and
derive that ∆(φi, α)zi = 0, for each i, and for each closed 1−form α because O
Ψi
zi
is
contractible (by Lemma 5.5). So, it follows from Lemma 4.4 that we must have
(5.3) 0 = lim
d
(
lim
dC0
∆(ψi, α)zi
)
= lim
d
(∆(φ, α)zi ) ,
and hence, (5.3) together with Corollary 4.2 imply that,
(5.4) 〈P (α), S˜Ω(Φ)〉 = V olΩ(M) lim
d
∫
OΦzi
α,
for each closed 1−form α. On the other hand, since by assumption we have dC0(Φ,Ψi) <
r(g) whenever i is sufficiently large, we fix a positive integer j large enough and derive
that for each fixed t and each i ≥ j, one can connectΦt(zi) toΨti(zi) via a unique minimal
geodesic ξti : O
Φ
zi
, OΨizi , and ξ
1
i delimit a 2−chain. Hence, Stokes’ theorem implies that for
each i ≥ j, we have
∫
OΦzi
α =
∫
O
Ψi
zi
α−
∫
ξ1i
α = −
∫
ξ1i
α, for all closed 1−form α because
OΨizi is contractible. That is, (5.4) implies that
|〈P (α), S˜Ω(Φ)〉| = V olΩ(M) limd |
∫
ξ1i
α| ≤ V olΩ(M)‖α‖L2d(φ, ψi)→ 0, i→∞. i.e.,
〈P (α), S˜Ω(Φ)〉 = 0, for each closed 1−form α, i.e., S˜Ω(Φ) = 0: This implies that
φ ∈ kerΩ. Q.E.D.♣♠
The following result generalizes and solves a weak version of the so-called C0−flux
conjecture.
Lemma 5.15. (Weak C0−flux conjecture II) Let (M,Ω) be a closed oriented manifold.
Let {ψi} ⊂ kerSΩ be a sequence that C0−converges to φ ∈ GΩ(M) such that:
• FIX (φ) 6= ∅, and there exists p ∈ FIX (φ) such that OΦp is contractible for
some Φ ∈ Iso(φ)Ω,
• there exists a sequence {zi} ⊂M with zi ∈ FIX (ψi) that converges to p.
Then, we must have φ ∈ kerSΩ.
Proof : By assumption, since there exists a sequence {zi} ⊂ M with zi ∈ FIX (ψi)
that converges to p, then it follows from Lemma 4.4 that we must have
HOFER-LIKE GEOMETRY AND FLUX THEORY 21
0 = ‖α‖L2 limd
(
limd
C0
∆(ψi, α)zi
)
= ‖α‖L2∆(φ, α)p = 〈P (α), S˜Ω(Φ)〉 − 0, for each
non-trivial closed 1−form α because OΦp is contractible i.e. 〈P (α), S˜Ω(Φ)〉 = 0, for each
closed 1−form α. Therefore, we have that S˜Ω(Φ) = 0. In particular, this implies that
φ ∈ kerΩ. Q.E.D.
5.2. C0−rigidity. Let {Φi = (φti)} be a sequence of vanishing-flux volume-preserving
isotopies which converges uniformly to a path Φ = {φt}. Assume that for each i, the
time-one map φ1i has a fix-point zi. It is known that φ has at least one fix-point: Assume
that d(x, φ(x)) 6= 0, for all x ∈M , which implies that
0 < l0 := infx∈M d(x, φ(x)) ≤ d(φ(zi), zi) ≤ d(φ(zi), φ(zi) ≤ dC0(φi, φ) → 0, i →
∞. Thus, there exists z ∈ M such that φ(z) = z. In general, we have no information
about the contractibility of the loop OΦz (no matter the fact that all the orbits O
Φi
zi
are
contractible):
• If Φ is smooth and belongs to the kernel of the flux, then OΦz is contractible (by
Lemma 5.5).
In this subsection, we will see that:
• If the above φ is the identity map, then the orbit OΦz contractible is contractible
whenever it is smooth.
• Furthermore, another result of the following section will show that if Φ is smooth,
then OΦz is contractible.
Here are some rigidity results.
Theorem 5.16. Let (M,Ω) be a closed oriented manifold. If {Φi} is a sequence of
vanishing-flux isotopies which C0−converges to a loop γ, then any smooth orbit of γ is
contractible.
Proof : Let z ∈M be a point whose orbit under γ is smooth, i.e. Oγz is smooth. By def-
inition of γ := (γt)t∈[0,1], there exists {Φi = (φ
t
i)} a sequence of vanishing flux isotopies
which converges uniformly to the loop γ. Since γ1 = idM , then the sequence of time-one
maps {φ1i } converges uniformly to the identity map idM , and then it follows from Lemma
4.4 that limC0 ∆(φ1i , α)z = ∆(idM , α)z = 0. On the other hand, by Corollary 4.2, we
also have ‖α‖L2∆(φ1i , α)z = −V olΩ(M)
∫
O
Φi
z
α, for each i, and for all non-trivial closed
1−form α. Hence, combining the above arguments give limC0
(∫
O
Φi
z
α
)
= 0, for all non-
trivial closed 1−form α. Observe that, |
∫
Oγz
α| ≤ |
∫
O
Φi
z
α−
∫
Oγz
α|+ |
∫
O
Φi
z
α|, for all i,
and derive that
∫
Oγz
α = 0, because limC0
(∫
O
Φi
z
α
)
= 0, and as in the proof of Lemma
4.4, for i sufficiently large, one can construct a smooth 2−chain whose boundary consists
of Oγz , O
Φi
z and a minimizing geodesic χ
i
z that connects γ1(z) to φ
1
i (z); and derive from
Stokes’ theorem that |
∫
O
Φi
z
α −
∫
Oγz
α| = |
∫
χiz
α| ≤ ‖α‖L2dC0(γ,Φi) → 0, i → ∞.
Therefore, we have proved that
∫
Oγz
α = 0, for all closed 1−form α, i.e., the 1−cycleOγz
is a boundary. Q.E.D.⋆
Theorem 5.16 implies that a continuous Hamiltonian loop has the property that: Any of
its orbits which is smooth is contractible.
Here is a separation result.
Lemma 5.17. Let (M,Ω) be a closed oriented manifold. Let Φ be a volume-preserving
isotopy out of ker S˜Ω with Φ(1) = φ 6= idM . There exists δ0 > 0 which depends on Φ
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such that if the distance (in the C0−topology) between Φ and the constant path identity is
less than δ0, then none of the orbits of Φ is a minimal geodesic between its endpoints.
Proof : Let Φ be a volume-preserving isotopy out of ker S˜Ω, and let φ denote its time-
one map. Since S˜Ω(Φ) 6= 0, and 〈, 〉 is non-degenerate, we can choose a harmonic 1−form
H0 such that 〈P (H0), S˜Ω(Φ)〉 6= 0. Assume this done. Let r be the injectivity radius of
the Riemannian metric on M , and suppose that δ0 =
1
β0
min{r,
|〈P (H0), S˜Ω(Φ)〉|
‖H0‖L2V olΩ(M)
}, for
some β0 ∈]3,+∞[. If dC0(Φ, Id) ≤ δ0, then one deduces as in the proof of Lemma 4.4
that for all x ∈M, we have
(5.5) |∆(φ,H0)x − 0| = |∆(φ,H0)x −∆(Id,H0)x| ≤ 2V olΩ(M)dC0(Φ, Id),
since dC0(φ, IdM ) ≤ dC0(Φ, Id) < r. On the other hand, derive from (5.5) and Corollary
4.2 that
(5.6)
|〈P (H0), S˜Ω(Φ)〉|
V olΩ(M)‖H0‖L2
≤
1
V olΩ(M)
|∆(φ,H0)x|+
1
‖H0‖L2
|
∫
OΦx
H0|,
≤ 2dC0(Φ, Id) + length(O
Φ
x ),
for each x ∈M . Now, if z ∈M is such that length(OΦz ) minimizes the distance between
its endpoints, then length(OΦz ) ≤ dC0(Φ, Id), and this together with (5.6) implies that,
β0|〈P (H0), S˜Ω(Φ)〉| < 3|〈P (H0), S˜Ω(Φ)〉|: This is a contradiction. Q.E.D 
6. METRIC GEOMETRIES FOR VOLUME-PRESERVING DIFFEOMORPHISMS
The goal of this section is to introduce and study right-invariant metrics onGΩ(M).
6.1. A pseudo-norm on the group GΩ(M).
6.1.1. A right-invariant pseudo-metric on GΩ(M). For each ψ ∈ GΩ(M), set
(6.1) ‖ψ‖∞:= sup
α∈B1
S
(0,1)
(
sup
z∈M
|∆(ψ, α)z |
)
.
We have the following facts.
Proposition 6.1. The rule ‖, ‖∞ has the following properties:
(1) Positivity: ‖ψ‖∞≥ 0, for all ψ ∈ GΩ(M).
(2) Triangle inequality: ‖ψ ◦ φ‖∞≤‖ψ‖∞+‖φ‖∞, for all ψ, φ ∈ GΩ(M).
(3) Symmetry: ‖ψ−1‖∞=‖ψ‖∞, for all ψ ∈ GΩ(M).
(4) Pseudo-Nondegeneracy: If ‖ψ‖∞= 0, then 〈P (α), S˜Ω(Ψ)〉 = V olΩ(M)
∫
OΨx
α,
for all x ∈M ,for all Ψ ∈ Iso(ψ)Ω, and for each α ∈ H1(M,S).
(5) Right-Invariant metric: The following rule
(6.2) dΩ(φ, ψ) :=‖φ ◦ ψ−1‖∞,
for all ψ, φ ∈ GΩ(M), induces a right-invariant metric on GΩ(M).
Proof :
(1) Positivity: This follows from the definition of ‖, ‖∞.
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(2) Triangle inequality: Let ψ, φ ∈ GΩ(M), α ∈ B1S(0, 1), and derive with the help
of Proposition 4.3 that:
|∆(ψ ◦ φ, α)z | = |∆(φ, α)z +∆(ψ, α)φ(z)| ≤ |∆(φ, α)z |+ |∆(ψ, α)φ(z)|,
for all z ∈M , which implies the desired inequality.
(3) Symmetry: From Proposition 4.3, we derive that
0 = ∆(idM , α) = ∆(ψ ◦ ψ
−1, α) = ∆(ψ−1, α) +∆(ψ, α) ◦ ψ−1,
i.e.,∆(ψ−1, α) = −∆(ψ, α) ◦ ψ−1. This implies that the desired equality.
(4) Pseudo-Nondegeneracy: If ‖ψ‖∞= 0, then ∆(ψ, α) = 0, for all α ∈ H1(M,S).
Thus, with the above vanishing condition, it follows from Corollary 4.2 that
〈P (α), S˜Ω(Ψ)〉 = V olΩ(M)
∫
OΨx
α, for all x ∈ M , for all α ∈ H1(M,S), and
for each Ψ ∈ Iso(ψ)Ω.
(5) Right-Invariant metric: We have,
dΩ(φ ◦ ρ, ψ ◦ ρ) =‖(φ ◦ ρ) ◦ (ψ ◦ ρ)−1‖∞=‖φ ◦ ρ ◦ ρ−1 ◦ ψ−1‖∞= dΩ(φ, ψ),
for all ρ, ψ, φ ∈ GΩ(M).
Q.E.D⋆
Conjecture: The restriction ‖, ‖∞ker of the pseudo-norm ‖, ‖
∞ to the sub-group kerSΩ
is non-degenerate.
Here is a consequence of the proof of Lemma 4.4.
Corollary 6.2. If ψ ∈ kerSΩ is sufficiently C0−closed to the identity map,
then ‖ψ‖∞ker≤ 2V olΩ(M)dC0(ψ, idM ).
Definition 6.3. For each non-empty open subset U ⊂ M , we define the displacement
energy of U as: EΩ(U) := inf{‖ψ‖∞: ψ ∈ GΩ(M), ψ(U) ∩ U = ∅}.
We have not yet verified the positivity of EΩ(U) whenever U is non-empty.
Fact: If it happens that EΩ(U) > 0, whenever U is non-empty, then the following fact
holds: Let {φi} ⊂ GΩ(M), let φ ∈ GΩ(M), and let ψ : M → M be any map such that
{φi}
C0
−−→ ψ, and ‖φi ◦ φ−1‖∞→ 0, i→∞. Then, we must have ψ = φ.
This could be used to define a new class of volume preserving-homeomorphisms.
6.2. Hofer-like geometry. In the following section, we assume that (M,ω) is a closed
symplectic manifold. The goal here is to apply some results found in the previous sections
in the study of Hofer-like geometry of the group Ham(M,ω) of all Hamiltonian diffeo-
morphisms. As in [19], we will use the notation of Subsection 2.2, with ∗ = 1. For each
α ∈ Z1(M) we shall call the 1−form (α− S(P (α))) the exact part of α, and throughout
all the paper, for simplicity, when this will be necessary, the latter 1−form will be denoted
dfα,S to mean that it is the differential of a certain function that depends on α and S; while
we shall call the 1−form S(P (α)) the S−form of α. LetH1(M,S) denote the space of all
S−forms, and B1(M) denote the set (Z1(M)\H1(M,S)) ∪ {0}. Consider νB to be any
norm on B1(M). From now on, we equip H1(M,S) with the L2−norm ‖.‖L2−Hodge
norm for closed 1−forms, and for each non-negative λ, we define a semi-norm NS,λ on
Z1(M) as follows: NS,λ(α) = νB((α−S(P (α))))+λ‖S(P (α))‖L2 , for all α ∈ Z
1(M).
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6.3. Hofer-like lengths. In [19], given a symplectic isotopy Φ generated by (U,H), the
L(1,∞)−version and the L∞−version of Hofer-like lengths of a Φ are defined respectively
by
(6.3) l(1,∞)λ,S (Φ) =
∫ 1
0
(
νB(dUt) + λ‖Ht‖L2
)
dt,
(6.4) l∞λ,S(Φ) = max
t∈[0,1]
(νB(dUt) + λ‖Ht‖L2).
In the case that H1(M,R) vanishes, the above lengths are called Hofer’s lengths when-
ever νB is the oscillation norm, i.e., νB(dUt) := maxz∈M (Ut(z)) − minz∈M (Ut(z)) =
osc(Ut), for each t [12].
Remark 6.4. We always have
lλ,S(Φ ∗r Ψ) ≤ lλ,S(Ψ) + lλ,S(Φ) + C(Φ,Ψ), where C(Φ,Ψ) is the length of a certain
Hamiltonian path which depends on Φ and Ψ; and
l
(1,∞)
λ,S (Φ ∗l Ψ) = l
(1,∞)
λ,S (Ψ) + l
(1,∞)
λ,S (Φ). One can choose the smooth function f in Sub-
section 2.1.2 such that it has bounded speed at any point; with upper bound less than or
equal to some ζ ∈]1, 6/5]. Assume this done. Then,
(6.5) l∞λ,S(Φ ∗l Ψ) ≤ ζ
(
l∞λ,S(Ψ) + l
∞
λ,S(Φ)
)
.
6.4. Hofer-like norms. The L(1,∞)−energy and the L∞−energy of φ ∈ Symp0(M,ω)
are respectively defined by: eλ,S(φ) = inf(l
(1,∞)
λ,S (Φ)), and, e
∞
λ,S(φ) = inf(l
∞
λ,S(Φ)),
where each infimum is taken over the set of all symplectic isotopies Φ with time-one map
equal to φ. Therefore, the L(1,∞)−version and the L∞−version of the Hofer-like norms
of φ are respectively defined by, ‖φ‖(1,∞)λ,S = (eλ,S(φ) + eλ,S(φ
−1))/2, and
‖φ‖∞λ,S = (e
∞
λ,S(φ) + e
∞
λ,S(φ
−1))/2.
Note that the study of the Hofer-like geometry ofHam(M,ω) is supported by the fact
that it may exist at least one Hamiltonian diffeomorphism which can be connected to the
identity by a symplectic isotopy which is not completely contained in Ham(M,ω) and
which realizes the infimum of Hofer-like length: Given ψ ∈ Ham(M,ω), and a Hamil-
tonian isotopy Φ from the identity, pick any loop Ψ ∈ π1(Symp0(M,ω)) whose flux is
non-trivial, then the isotopyΞ := Ψ◦Φ connects the identity map to φ, but the latter is not a
Hamiltonian isotopy since S˜ω(Ξ) = 0+ S˜ω(Ψ) 6= 0, (Banyaga [1] proved that any smooth
symplectic isotopy in Ham(M,ω) is Hamiltonian). Otherwise, the Hofer-like norm re-
stricted to Ham(M,ω) is the Hofer metric. Also, here are examples of non-Hamiltonian
isotopies with non-trivial flux whose endpoints belong to Ham(M,ω): Let consider a
suitable smooth positive non-trivial function θ from [0, 1] to [0, 1] that vanishes near 0 and
1. Let α be any closed 1−form such that P (α) 6= 0, and let Ψ be the symplectic flow
generated by α. The reparameterized path Φ : s 7→ Ψ(θ(s)) is a non-Hamiltonian loop,
and S˜ω(Φ) = 0: So, if ψ ∈ Ham(M,ω)\{idM}, and ξ ∈ Iso(ψ)ω be any Hamiltonian
isotopy, then the path ξ ∗r Φ is a non-Hamiltonian isotopy that belongs to Iso(ψ)ω, whose
flux is trivial. The above illustrations seem to suggest that the Hofer-like geometry of the
groupHam(M,ω) is not trivial.
Although, it is proved in [9] that the Hofer-like metric restricted toHam(M,ω) is equiva-
lent to the usual Hofer metric. This only tell us that the induced topologies onHam(M,ω)
are almost the same, and not more.
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In fact two metrics can be equivalent while they induce different geometries (so many
illustrations of this fact can be found in Euclidean spaces). The above arguments drive our
attention to question:
How does the locus of non-Hamiltonian symplectic isotopies with endpoints inHam(M,ω)
influences the geometry of Ham(M,ω)? In other words, how to detect the effect of flux
geometry on the study of the metric geometry ofHam(M,ω)?
To give some possible answers of the above question, we shall need the following al-
ternate proof of a result found in [1, 14]. This will be useful in the computation of the
Hofer-like lengths of some deformed isotopies.
Theorem 6.5. ([1, 14]) Let Φ be a symplectic isotopy. If S˜ω(Φ) = 0, then Φ is homotopic
relatively to fixed endpoints to a Hamiltonian isotopy.
Proof. Assume that Φ = (φt) is generated by (U,H) (see [5, 19]). By assumption we
have S˜ω(φ(0,H)) = [
∫ 1
0
Htdt] = 0. Thus, it follows fromHodge’s theory that
∫ 1
0
Htdt = 0
since
∫ 1
0 Htdt is harmonic and M is compact [21]. For all t, as in [14], let s 7→ θ
t
s
be the flow generated by the symplectic vector field Yt = −
∫ t
0 Xudu where ι(Xu)ω =
Hu for all u ∈ [0, 1], i.e., Yt(θts(x)) =
d
ds
(θts(x)), for all x ∈ M with s ∈ R, and
θt0 = idM . Since Y1 = 0 = Y0, we derive that θ
0
s = idM = θ
1
s for all s. The map
H : [0, 1]× [0, 1]→ Symp0(M,ω), (s, t) 7→ φt(0,H) ◦θ
t
s, induces a homotopy between the
paths t 7→ ϕt = φt(0,H) ◦θ
t
1 and t 7→ φ
t
(0,H). On the other hand, if Vs,t is the 2−parameters
family of symplectic vector fields defined as Vs,t(θts(x)) =
∂
∂t
(θts(x)) for all x ∈M , then
it follows from [1]-Proposition II.3.1. that
∂
∂t
(Yt) −
∂
∂s
(Vs,t) = [Yt, Vs,t], for all s, t,
i.e., Xt −
∂
∂s
(Vs,t) = [Yt, Vs,t]. Integrating the latter equality in the variable s ∈ [0, u]
leads to ι(Vu,t)ω = −uι(Xt)ω + df(u,t), for all (t, u) ∈ [0, 1]× [0, 1], where the function
x 7→ f(u,t)(x) is the normalized function of the function x 7→
∫ t
0
∫ u
0
ω(Xa, Vs,t)(x)dsda,
for all (t, u) ∈ [0, 1]× [0, 1] (see [4]). Hence, for each u, the isotopy t 7→ θtu is generated
by (f(u,.),−uH). Thus, it follows that the generator of the isotopy t 7→ ϕt is given by
(0,H) ⋊⋉ (f(1,.),−H) = (f(1,.) ◦ φ
−1
(0,H) −
˜FHt(φ
−1
(0,H))(t), 0), where
˜FHt(φ
−1
(0,H))(t) is
the normalized function of the function FHt(φ
−1
(0,H))(t) (see [5, 19]). This shows that the
isotopy t 7→ ϕt is of the form φ(V,0); hence the isotopy t 7→ ϕt ◦ φ
t
(U,0) is Hamiltonian,
and is homotopic relatively to fixed endpoints to Φ. Q.E.D
Remark 6.6. In the rest of this section, we will assume that the norm νB is equivalent to
the usual oscillation norm, and satisfies (if necessary) the property νB(ρ∗(df)) = νB(df),
for each smooth function f , and all ρ ∈ Symp0(M,ω).
Remark 6.7. Given any symplectic vector field X , we can define its norm as follows:
|X |λ,S := νB((ι(X)ω−S(P (ι(X)ω))))+λ‖S(P (ι(X)ω))‖L2 . Let h be a closed 1−form
such that P (h) 6= 0. We define the quantity ‖S(P (h))‖0 as follows: Let χ(M,ω) denote
the space of all symplectic vector fields and consider the following set: U(M,ω) := {X ∈
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χ(M,ω) : |X |λ,S = 1}. Therefore, put:
‖S(P (h))‖0 := sup
z∈M
(
sup
X∈U(M,ω)
(|(S(P (h)))(X)(z)|)
)
.
Furthermore, since the space H1(M,S) is a finite dimensional vector space whose di-
mension b1(M) is the first Betti number of M . Let {hSi } be any fixed basis on the
space of all S−forms such that S(P (h)) =
∑
i λih
S
i . If we define a norm of S(P (h))
as |S(P (h))|1 =
∑
i |λi|, then it follows that ‖S(P (h))‖0 ≤ ES |S(P (h))|1, where
ES := max1≤i≤b1(M) ‖h
S
i ‖0. Note that the quantity ES just defined above could take
a large value in certain cases. z
Remark 6.8. Let {αt} be a smooth family of closed 1−forms, and define a smooth family
of symplectic vector fields {Xt} by setting:
(6.6) ι(Xt)ω = S(P (αt)) =: Ht,
for each t. Now, put
(6.7) Zs,t := tXst − 2s
∫ t
0
Xudu,
for all (s, t) ∈ [0, 1] × [0, 1], and construct a 2−parameters family of symplectic dif-
feomorphisms Gs,t by integrating Zs,t in the variable s. Also, we may define another
2−parameters family of symplectic vector fields as:
(6.8) Vs,t(G(s,t)(x)) =
∂
∂t
G(s,t)(x),
for all (s, t) ∈ [0, 1]× [0, 1], and x ∈M . z
Lemma 6.9. Let {Xt} and {Vs,t} be the smooth families of vector fields defined in (6.6)
and (6.8). Then
(6.9)
sups,t |Vs,t|λ,S
max{2; 6ES}(1 + sups,t |Vs,t|λ,S)
≤ sup
t
|Xt|λ,S .
Corollary 6.10. Let {Xt}, {Zs,t} and {Vs,t} be the smooth families of vector fields defined
in (6.6), (6.7) and (6.8). Then,
(6.10) osc(
∫ u
0
ω(Zs,t, Vs,t)ds) ≤ 4ES
(
sup
s,t
|Vs,t|λ,S
)(
sup
t
|Xt|λ,S
)
,
for each u and each t fixed.
Proof : For each u, and each t (fixed) compute
(6.11) osc(
∫ u
0
ω(Zs,t, Vs,t)ds) ≤ 2
∫ u
0
sup
x∈M
|ω(Zs,t, Vs,t)(x)|ds.
For each fixed s, for all x ∈M , derive by the mean of Remark 6.7 that
(6.12) |ω(Zs,t, Vs,t)(x)| ≤ |(ι(Zs,t)ω)(Vs,t)(xs,t)| ≤ ‖ι(Zs,t)ω‖0|Vs,t|λ,S
≤ (t|Hst|1 + 2s
∫ t
0
|Hq|1dq)|Vs,t|λ,SES ,
where ι(Xt)ω =: Ht for all t. Hence, it follows from (6.11) and (6.12) that
osc(
∫ u
0
ω(Zs,t, Vs,t)ds) ≤ 2ES
∫ u
0
(t|Hst|1 + 2s
∫ t
0
|Hu|1du)|Vs,t|λ,Sds,
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≤ 2ES sup
s,t
|Vs,t|λ,S
∫ u
0
(t|Hst|1 + 2s
∫ t
0
|Hu|1du)ds
≤ 2ES sup
s,t
|Vs,t|λ,S(ut sup
t
|Xt|λ,S + u
2 sup
t
|Xt|λ,S)
≤ 4ES sup
s,t
(
sup
s,t
|Vs,t|λ,S
)(
sup
t
|Xt|λ,S
)
.
Q.E.D.⋆
Proof of Lemma 6.9 : According to Proposition II.3.1. found in [1] we have
∂
∂s
(Vs,t)−
∂
∂t
(Zs,t) = [Vs,t, Zs,t], integrating this with respect to s ∈ [0, u] yields
Vu,t −
∫ u
0
∂
∂t
(Zs,t)ds =
∫ u
0
[Vs,t, Zs,t]ds, for all u ∈ [0, 1] and all t, i.e.,
Vu,t = uXtu − u2Xt +
∫ u
0
[Vs,t, Zs,t]ds, for all u ∈ [0, 1] and all t, because
(6.13)∫ u
0
∂
∂t
(Zs,t)ds =
∫ u
0
∂
∂t
(tXst)ds−u
2Xt =
∂
∂t
(∫ tu
0
Xada
)
−u2Xt = uXtu−u
2Xt.
Combining (6.13) together with the fact that ι([Vs,t, Zs,t])ω = d (ω(Vs,t, Zs,t)) ,we derive
from Corollary 6.10 that for all u ∈ [0, 1] and all t, we have
(6.14) |Vu,t|λ,S ≤ (u+ u
2) sup
t
|Xt|λ,S ,+4ES sup
s,t
|Vs,t|λ,S sup
t
|Xt|λ,S ,
≤ max{2, 4ES}(1 + sup
s,t
|Vs,t|λ,S) sup
t
|Xt|λ,S .
Q.E.D.
Here is an iterative property in Hofer-like geometry.
Proposition 6.11. Let (M,ω) be a closed symplectic manifold, andΩ0 be the correspond-
ing symplectic volume form. If Ψ is any symplectic isotopy which is not a loop such that
S˜Ω0(Ψ) 6= 0, then
(1) l(1,∞)λ,S (Ψ
l)→∞, as l →∞,
(2) 0 <
|〈P (H0), S˜Ω0(Ψ)〉|
V olΩ0(M)
≤ ES
(
liml→∞
[
l
(1,∞)
λ,S (Ψ
l)
l
])
,
for some non-trivial S−form H0.
Proof. Let Φ = (φt) be a symplectic isotopy such that S˜Ω0(Ψ) 6= 0, and then choose
a suitable S−form α0 such that 〈P (α0), S˜Ω0(Ψ)〉 6= 0. Hence, derive from Proposition
3.4 that; |〈P (α0), S˜Ω0(Φ)〉| = |
∫
M
Fα0(Φ)(1)Ω0| ≤ V olΩ0(M)|
∫ 1
0 α0(φ˙t) ◦ φt(z)dt|,
for some z ∈ M that realizes the supremum of the function x 7→ Fα0(Φ)(1)(x). That is,
|〈P (H0), S˜Ω0(Φ)〉| ≤ ESV olΩ0(M)l
(1,∞)
λ,S (Φ), whereH0 = α0/|α0|1. Q.E.D ♣
Remark 6.12. Proposition 6.11 is particularly interesting in the sense that it tells us that: If
φ ∈ (Symp0(M,ω)\Ham(M,ω)), then for all sufficiently large integer l, an isotopy of
the form Φl where Φ is any element of Iso(φ)ω can minimize the length functional l
(1,∞)
λ,S
on Iso(φl)ω , if and only if, the diameter of Symp0(M,ω) with respect to the Hofer-like
metric is sufficiently large (and even infinite).z
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6.5. Hofer-like geometry via loops. The following result shows (with a certain restric-
tion) the invariance of the Hofer-like energy with respect to concatenation by loops in
Symp0(M,ω), and once more detects another effect of the flux geometry in the study of
Hofer-like geometry. To see this, considerLoop(M,ω) to be the set consisting all the loops
at the identity in Symp0(M,ω), pick φ ∈ Ham(M,ω), and for each Φ ∈ Iso(φ)ω , put
(6.15) Υ(Φ) := {Ψ ∈ Loop(M,ω) : S˜ω(Φ) = S˜ω(Ψ)}.
Since φ is Hamiltonian, then for each Φ ∈ Iso(φ)ω , the set Υ(Φ) is non-empty. This is
supported by two facts found in [1]: The fist implies that Ham(M,ω) is path connected
through smooth Hamiltonian isotopies, and the second implies that any path from the iden-
tity to φ has its flux in Γω.
Proposition 6.13. (Energy invariance). For each φ ∈ Ham(M,ω), we have
eλ,S(φ) = inf
Φ∈Iso(φ)ω
(
inf
Ψ∈Υ(Φ)
(l
(1,∞)
λ,S (Φ ∗l Ψ))
)
.
Proof. Pick φ ∈ Ham(M,ω), and derive from remark (6.4) that
(6.16) l(1,∞)λ,S (Φ ∗l Ψ) = l
(1,∞)
λ,S (Ψ) + l
(1,∞)
λ,S (Φ),
for all Φ ∈ Iso(φ)ω , and all Ψ ∈ Υ(Φ). Then, in (6.16), for each Φ ∈ Iso(φ)ω one
passes to the infimum over the set Υ(Φ) in a first time, and next passing to the infimum
over Iso(φ)ω in a second time yields,
(6.17)
inf
Φ∈Iso(φ)ω
(
inf
Ψ∈Υ(Φ)
(l
(1,∞)
λ,S (Φ ∗l Ψ))
)
= inf
Φ∈Iso(φ)ω
(l
(1,∞)
λ,S (Φ))+ inf
Φ∈Iso(φ)ω
(
inf
Ψ∈Υ(Φ)
(l
(1,∞)
λ,S (Ψ))
)
.
But, φ being Hamiltonian, the set Iso(φ)ω contains at least a Hamiltonian isotopy (see
[1]), and so, when the isotopy Φ ∈ Iso(φ)ω is Hamiltonian, then the trivial loop identity
belongs to Υ(Φ), i.e, at a certain time the loop Ψ will take the value of the trivial loop
identity so that infΦ∈Iso(φ)ω
(
infΨ∈Υ(Φ)(l
(1,∞)
λ,S (Ψ))
)
= 0. Q.E.D 
A result found in [19] states that the above energies agree everywhere. So, the above
energy invariance result will continue to hold if we replace the energy functional eλ,S by
the energy functional e∞λ,S .
Here is an alternative proof of the non-degeneracy of the norm ‖.‖λ,S . Another alter-
native proof of this result was given in [19]. The difference between these alternate proofs
come from the fact that in [19] the given proof follows as a direct application of Theorem
3.3−[19], but here we do not appeal to Theorem 3.3−[19].
Lemma 6.14. If φ ∈ Symp0(M,ω) such that ‖φ‖∞λ,S = 0, then φ = idM .
Proof. Let φ ∈ Symp0(M,ω) such that ‖φ‖∞λ,S = 0, and as in [4], we derive that
φ ∈ Ham(M,ω). The rest of the proof consists to show that the Hofer norm of φ is trivial.
Since e∞λ,S(φ) = 0, we derive that for all positive integer N there is ΦN ∈ Iso(φ)ω such
that: l∞λ,S(ΦN ) ≤ exp(−N max{2; 4ES}).We have S˜ω(ΦN ) = 0 (if necessary choose the
N ’s sufficiently large so that exp(−N max{2; 4ES}) is arbitrarily small), because we al-
ways have ‖S˜ω(ΦN )‖L2 ≤ l∞λ,S(ΦN ), and ΦN having its endpoints inHam(M,ω), must
have its flux in the Calabi group which is discrete: So, when N is sufficiently large, then
‖S˜ω(ΦN )‖L2 is arbitrarily small, and hence trivial. Let ρ
N
t ◦Sψ
N
t be the S−decomposition
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of the isotopy ΦN (see [19]). Since S˜ω({ρNt }) = S˜ω(ΦN ) = 0, and
supt |V
N
1,t|λ,S ≤ supt,s |V
N
s,t|λ,S , where the smooth 2−parameter family of symplectic
vector fields {V Ns,t} is constructed as in (6.8) using X
N
t := ρ˙
N
t for each t, we derive from
Lemma 6.9 that
(6.18)
‖ρN1 ‖Hofer
1 + ‖ρN1 ‖Hofer
≤
supt |V
N
1,t|λ,S
(1 + supt |V
N
1,t|λ,S)
≤ max{2; 4ES} sup
t
|XNt |λ,S ≤ max{2; 4ES}l
∞
λ,S(ΦN )
≤ max{2; 4ES} exp(−N max{2; 4ES}).
That is,
(6.19)
‖ρN1 ‖Hofer
1 + ‖ρN1 ‖Hofer
≤ max{2; 4ES} exp(−N max{2; 4ES}).
On the other hand, we also have
(6.20) ‖ψN1 ‖Hofer ≤ l
∞
λ,S(ψ
N
t ) ≤ l
∞
λ,S(ΦN ) ≤ exp(−N max{2; 4ES}).
Thus, as N → ∞, the right-hand side in (6.20) (resp. the right-hand side in (6.19)) tends
to zero: Thus, we must have ‖ρN1 ‖Hofer → 0, N → ∞, and ‖ψ
N
1 ‖Hofer → 0, N → ∞.
Finally, since φ = ρN1 ◦ψ
N
1 , for each integerN , we derive from the triangle inequality that
‖φ‖Hofer = ‖ρ
N
1 ◦ψ
N
1 ‖Hofer ≤ ‖ρ
N
1 ‖Hofer+‖ψ
N
1 |H → 0, N →∞, i.e., ‖φ‖Hofer = 0.
Hence, from the non-degeneracy of the Hofer norm, we have φ = idM . Q.E.D †
The main result of this section is the following comparison theorem.
Theorem 6.15. Let (M,ω) be a closed symplectic manifold. Then, for all Hamiltonian
diffeomorphism φ and for all positive ǫ, there exist two elements ρǫ and ψǫ ofHam(M,ω)
with φ = ρǫ ◦ ψǫ such that
‖φ‖Hofer + ‖ρ
ǫ‖Hofer‖ψ
ǫ‖Hofer ≤ (1 + ‖ρ
ǫ‖Hofer)
(
G(ES)‖φ‖
∞
λ,S + ǫ
)
,
for some positive constant G(ES) that depends on ES .
Here is a consequence of Theorem 6.15, this agrees with a result found in [9].
Proposition 6.16. Let (M,ω) be a closed symplectic. Therefore, there exists a positive
constant κ such that for all φ ∈ Ham(M,ω), one has
(6.21) κ‖φ‖Hofer ≤ ‖φ‖
∞
λ,S .
Proof. Let {φk} ⊂ Ham(M,ω) be a sequence that converges to the constant map
identity in the Hofer-like norm. By Theorem 6.15, for each positive integer k ≥ ν (for
some sufficiently large positive integer ν, fixed) , and for ǫ = 1/k, there exist two elements
ρǫk and ψ
ǫ
k ofHam(M,ω) with φk = ρ
ǫ
k ◦ ψ
ǫ
k such that
(6.22)
‖φk‖Hofer + ‖ρǫk‖Hofer‖ψ
ǫ
k‖Hofer
1 + ‖ρǫk‖Hofer
≤ G(ES)‖φk‖HL + 1/k.
Since by assumption we have ‖φk‖∞λ,S → 0, k →∞, then assume that
(6.23) ‖φk‖
∞
λ,S ≤ exp(−kG(ES)),
for each k ≥ ν (if necessary modify ν). That is, (6.22) implies that
(6.24)
‖ρǫk‖Hofer‖ψ
ǫ
k‖Hofer
1 + ‖ρǫk‖Hofer
+
‖φk‖Hofer
1 + ‖ρǫk‖Hofer
≤ G(ES) exp(−kG(ES)) + 1/k,
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for each positive integer k ≥ ν. In particular, (6.24) implies that
‖ρǫk‖Hofer‖ψ
ǫ
k‖Hofer
1 + ‖ρǫk‖Hofer
→ 0, k → ∞, and
‖φk‖Hofer
1 + ‖ρǫk‖Hofer
→ 0, k → ∞. So, the conver-
gence (
‖ρǫk‖Hofer
1 + ‖ρǫk‖Hofer
)‖ψǫk‖Hofer → 0, k→∞, implies that
either (
‖ρǫk‖Hofer
1 + ‖ρǫk‖Hofer
)→ 0, k→∞, or ‖ψǫk‖Hofer → 0, k →∞:
Case (1): If (
‖ρǫk‖Hofer
1 + ‖ρǫk‖Hofer
) → 0, k → ∞, then we derive that ‖ρǫk‖Hofer → 0, k →
∞; and this together with the convergence
‖φk‖Hofer
1 + ‖ρǫk‖Hofer
→ 0, k → ∞, implies that
‖φk‖Hofer → 0, k→∞.
Case (1): If ‖ψǫk‖Hofer → 0, k→∞, then from the fact the triangle inequality,
‖ρǫk‖Hofer ≤ ‖ψ
ǫ
k‖Hofer + ‖φk‖Hofer, we derive that
(6.25)
(
‖φk‖Hofer
1 + ‖φk‖Hofer + ‖ψǫk‖Hofer
)
≤
‖φk‖Hofer
1 + ‖ρǫk‖Hofer
→ 0, k →∞.
On the other hand, it follows from the continuity of f1 : x 7→ x/(1 + x) that
(6.26) f1( lim
k→∞
(‖ψǫk‖Hofer + ‖φk‖Hofer)) = lim
k→∞
f1(‖ψ
ǫ
k‖Hofer + ‖φk‖Hofer)
= lim
k→∞
(
‖φk‖Hofer
1 + ‖φk‖Hofer + ‖ψǫk‖Hofer
)
= 0.
Equation (6.26) implies that ‖φk‖Hofer → 0, k → ∞. Finally, we have proved that the
norm ‖.‖∞λ,S restricted to Ham(M,ω), is equivalent to the Hofer norm ‖.‖H . That is,
there exists a positive constant κ such that for all Hamiltonian diffeomorphisms φ, one has
κ‖φ|H ≤ ‖φ‖∞λ,S . Q.E.D ♦
6.6. The ingredients of the proof of Theorem 6.15. Recall that one can classify closed
symplectic manifolds in two categories: one category consists of closed symplectic mani-
folds with trivial Calabi’s groups, i.e., Γω = {0}, and the other consists of closed symplec-
tic manifolds with Γω 6= {0}. Compact symplectic manifolds with vanishing flux groups
includes oriented closed surfaces of genus bigger than 1. Furthermore, Kedra-Kotschick-
Morita [13] found a long list of compact symplectic manifolds with vanishing flux groups.
We have the following fact.
Lemma 6.17. Let (M,ω) be a closed symplectic manifold whose flux group Γω is trivial.
Then, for all Hamiltonian diffeomorphism φ and for all positive ǫ, there exist two elements
ρǫ and ψǫ ofHam(M,ω) with φ = ρǫ ◦ ψǫ such that
‖φ‖Hofer + ‖ρ
ǫ‖Hofer‖ψ
ǫ‖Hofer ≤ (1 + ‖ρ
ǫ‖Hofer)
(
G1(ES)e
∞
λ,S(φ) + ǫ
)
,
for some positive constant G1(ES) which depends on ES .
Proof : Assume that the flux group Γω is trivial. Let φ ∈ Ham(M,ω), ǫ > 0,
and consider Φ = {φt} to be any symplectic isotopy from the identity to φ. Since
φ ∈ Ham(M,ω), it follows from [1] that S˜ω(Φ) ∈ Γω = {0}, and hence we see
that S˜ω(Φ) = 0. Now, set G1(ES) := max{2; 4ES}, and derive from the characteris-
tic of infimum that for τ = ǫ/G1(ES), there exists an isotopy Φτ ∈ Iso(φ)ω such that
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l∞λ,S(Φτ ) ≤ e
∞
λ,S(φ) + τ. Remember that if Φτ has S−decomposition ρ
τ
t ◦ ψ
τ
t , then it
follows from the lines of the proof of Lemma 6.9 that,
‖φ‖Hofer + ‖ρτ1‖Hofer‖ψ
τ
1‖Hofer
1 + ‖ρτ1‖Hofer
≤
‖ρτ1‖Hofer
1 + ‖ρτ1‖Hofer
+ l∞λ,S(ψ
τ
t )
≤ G1(ES)l
∞
λ,S(ρ
τ
t ) + l
∞
λ,S(ψ
τ
t ) ≤ G1(ES)
(
l∞λ,S(ρ
τ
t ) + l
∞
λ,S(ψ
τ
t )
)
,
= G1(ES)l
∞
λ,S(Φτ ),
since ‖ψτ1‖Hofer ≤ l
∞
λ,S(ψ
τ
t ), ‖φ‖Hofer = ‖ρ
τ
1 ◦ ψ
τ
1‖Hofer ≤ ‖ρ
τ
1‖Hofer + ‖ψ
τ
1‖Hofer ,
and G1(ES) > 1. That is,
(6.27)
‖φ‖Hofer + ‖ρτ1‖Hofer‖ψ
τ
1‖Hofer
1 + ‖ρτ1‖Hofer
≤ G1(ES)l
∞
λ,S(Φτ ) ≤ G1(ES)e
∞
λ,S(φ) + ǫ.
Q.E.D.
When the flux group Γω is non-trivial, then for some φ ∈ Ham(M,ω), the set Iso(φ)ω
may contain a symplectic isotopyΞwhose flux is non-trivial: In this situation, the first item
in Proposition 6.11 is telling to us that, if Iso(φ)ω contains such an isotopyΞ, then iterating
φ a large number of times, say, in l−times (l sufficiently large) will yield φl ∈ Ham(M,ω)
while Ξl ∈ Isoω(φl) may have an infinite Hofer-like length. But, since the isotopy Ξ has
its flux in Γω, then one can always find Ψ ∈ Loop(M,ω) such that the isotopy Ψ−1 ∗l Ξ
has a trivial flux, whereas, both isotopies Ψ−1 ∗l Ξ and Ξ still have the same endpoints.
In the sequel, we see that for more convenience in the control of the Hofer-like lengths, it
could be judicious to kill the flux of isotopies by deforming them without changing their
endpoints. However, such a deformation is only possible for any isotopy whose endpoints
belong toHam(M,ω). This suggests to us that the Calabi group is in control of the Hofer-
like geometry ofHam(M,ω).This motivated the following result.
Lemma 6.18. Let (M,ω) be a closed symplectic manifold whose flux group Γω is non-
trivial. Then, for all Hamiltonian diffeomorphism φ, for all positive ǫ, there exist two
elements ρǫ and θǫ of Ham(M,ω) with φ = ρǫ ◦ θǫ such that
‖φ‖Hofer + ‖ρ
ǫ‖Hofer‖θ
ǫ‖Hofer ≤ (1 + ‖ρ
ǫ‖Hofer)
(
G2(ES)e
∞
λ,S(φ) + ǫ
)
,
for some positive constant G2(ES) which depends on ES .
Proof. Assume that the flux group Γω is non-trivial. Let φ ∈ Ham(M,ω) and ǫ > 0.
Since for each Φ ∈ Iso(φ)ω , we have that all Ψ ∈ Υ(Φ) satisfies S˜ω(Φ) = S˜ω(Ψ), then
whenΨ describes the setΥ(Φ), the fluxes of the symplectic pathsΨ−1 ∗lΦ are trivial, and
Ψ−1 ∗l Φ ∈ Iso(φ)ω . Since by Proposition 6.13 we have
e∞λ,S(φ) = infΦ∈Iso(φ)ω
(
infΨ∈Υ(Φ)(l
∞
λ,S(Ψ
−1 ∗l Φ))
)
, then for τ = ǫ/G1(ES) where
G1(ES) is the constant which appears in Lemma 6.17, there exist two isotopies Φτ ∈
Iso(φ)ω and Ψτ ∈ Υ(Φτ ) such that
(6.28) l∞λ,S(Ψ
−1
τ ∗l Φτ ) ≤ ζe
∞
λ,S(φ) + τ,
where ζ is the constant which appears in (6.5). On the other hand, since S˜ω(Ψ−1τ ∗l Φτ ) =
0, we derive as in the proof of Lemma 6.17 that ifΨ−1τ ∗lΦτ has S−decomposition ρ
τ
t ◦θ
τ
t ,
then
(6.29)
‖φ‖Hofer + ‖ρτ1‖Hofer‖θ
τ
1‖Hofer
1 + ‖ρτ1‖Hofer
≤ G1(ES)l
∞
λ,S(Ψ
−1
τ ∗l Φτ ),
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where G1(ES) is the constant in Lemma 6.17, i.e., combining (6.28) and (6.29) together
yields,
(6.30)
‖φ‖Hofer + ‖ρτ1‖Hofer‖θ
τ
1‖Hofer
1 + ‖ρτ1‖Hofer
≤ ζG1(ES)e
∞
λ,S(φ)+G1(ES)τ = ζG1(ES)e
∞
λ,S(φ)+ǫ.
Therefore, take G2(ES) := ζG1(ES). Q.E.D
6.7. Proof of Theorem 6.15. Let φ ∈ Ham(M,ω), and let ǫ > 0. It follows from Lemma
6.17 and Lemma 6.18 that,
‖φ‖Hofer + ‖ρǫ1‖Hofer‖ψ
ǫ
1‖Hofer ≤ (1 + ‖ρ
ǫ
1‖Hofer)
(
G2(ES)e∞λ,S(φ) + ǫ
)
, where ρǫ
andψǫ are two elements ρǫ andψǫ ofHam(M,ω)with φ = ρǫ◦ψǫ. The desired inequality
follows from the fact that e∞λ,S(φ) ≤ 2‖φ‖
∞
λ,S . Therefore, the corresponding constant
G(ES) can be chosen as: G(ES) := 2G2(ES). Q.E.D 
Remark 6.19. Assume that the positive constant G(ES) is finite, and let
diamHofer(Ham(M,ω)) denote the diameter of the group Ham(M,ω) with respect to
the Hofer metric. Then, from Theorem 6.15, we see that the constant κ in Proposition 6.16
can be chosen as: κ := (G(ES))
−1
(1 + diamHofer(Ham(M,ω)))
−1.
Remark 6.20. The proof of Theorem 6.5 provided here computes the generators of the path
t 7→ θts, for all s: This may be useful in the study of Hofer-like geometry and its extension.
Indeed, in the proof of Theorem 6.5, write Ξ(s, .) as the path t 7→ θts for each s, and write
Ψs = Ξ(s, .) ∗l ρ for each s, where ρ = (ρt) is as in the proof of Theorem 6.5. Therefore,
since the path Ψ1 connects ρ1 to the identity map with S˜ω(Ψ1) = 0, and
(6.31) l(1,∞)λ,S (Ψs) = l
(1,∞)
λ,S (ρ) + l
(1,∞)
λ,S (Ξ(s, .)),
for each s, we derive from the proof of Theorem 6.5 together with Corollary 6.10 that we
have, l(1,∞)λ,S (Ξ(s, .)) = sl
(1,∞)
λ,S (ρ) +
∫ 1
0 osc(ω(
∫ t
0 Xada,
∫ s
0 Vu,tdu)(x))dt,
≤ sl
(1,∞)
λ,S (ρ) + 2sES l
(1,∞)
λ,S (ρ)×maxu
(l
(1,∞)
λ,S (Ξ(u, .)),
for each fixed s, i.e.,
(6.32) max
s
l
(1,∞)
λ,S (Ξ(s, .)) ≤ l
(1,∞)
λ,S (ρ) + 2ESl
(1,∞)
λ,S (ρ)×maxu
(l
(1,∞)
λ,S (Ξ(u, .)).
Then combining (6.31) and (6.32) together, we derive that
(6.33)
‖ρ1‖Hofer
1 + ‖ρ1‖Hofer
≤
l
(1,∞)
S (Ψ1)
1 + l
(1,∞)
S (Ψ1)
≤
maxs l
(1,∞)
S (Ψs)
1 + maxs l
(1,∞)
S (Ψs)
≤ G3(ES)l
(1,∞)
S (ρ),
where G3(ES) := max{1, 2ES}. Hence, we see that using the L(1,∞)−version of the
Hofer-like length instead of the L∞−version of the Hofer-like length, it is easy to con-
clude that: According to the deformation method introduced in McDuff-Salamon [14], the
constant G2(ES) in Lemma 6.18 will change into G3(ES), and then Theorem 6.15 will
read:
Theorem 6.21. Let (M,ω) be a closed symplectic manifold. Then, for all Hamiltonian
diffeomorphism φ and for all positive ǫ, there exist two elements ρǫ and ψǫ ofHam(M,ω)
with φ = ρǫ ◦ ψǫ such that
‖φ‖Hofer + ‖ρǫ‖Hofer‖ψǫ‖Hofer) ≤ (1 + ‖ρǫ‖Hofer)
(
G3(ES)‖φ‖
(1,∞)
λ,S + ǫ
)
, where
G3(ES) := max{1, 2ES}.
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Therefore, regarding both Theorem 6.15 and Theorem 6.21, we can say (with certain re-
strictions) that the non-vanishing of the flux group seems to affect the L∞−Hofer-like ge-
ometry of the group Ham(M,ω) than the L(1,∞)−Hofer-like geometry of Ham(M,ω).
z
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